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F o r  a s p a c e - - t i m e  which  admi t s  a c lo sed  t imel ike  smoo th  c u r v e  it is  es t imatedtha t~"  ~2 �9 10 -24 
�9 ~p l 2, w h e r e  �9 is the r e a l  t ime  and l the spa t i a l  length a s s o c i a t e d  with the t imel ike  cu rve ,  
and p is the dens i ty  of m a t e r i a l .  

In connection with Howard's paper [i] dealing with the cosmological model of C~del [2] and particu- 
larly with GSdel's statement that a closed timelike smooth curve exists in his model, it is important to re- 
consider this interesting problem in the general theory of relativity. Howard casts some doubt on the re- 

sult of Chandrasekhar and Wright [3] that a closed timelike smooth geodesic is impossible in the GSdel mo- 
del. It is shown below that the original conclusion in [3] is correct. 

Different opinions have been expressed about models which admit closed timelike smooth curves 
(timelike eycles)(see [5]; [8]; [6], p. 625. The estimates which we make below, however, show that the phe- 

nomena either cannot be observed in practice, or are only realized in areas where modern physics has not 
yet penetrated, or must be considered from, say, a quantum-mechanical rather than a classical point of 

view.  

As r e g a r d s  the a l l ega t ions  that  the p r inc ip le  of  c a u s a l i t y  is in f r inged  by  mode l s  which  a d m i t  t i m e -  
like c y c l e s ,  it is b e t t e r  to tu rn  to ph i losophy  ([7], Causal i ty)  and it  then b e c o m e s  c l e a r  tha t  the f e a r s  a r e  
unfounded.  I n f o r m a t i o n  on t imel ike  cyc l e s  can be found in [9]. 

1 .  The  GSdel m e t r i c  has  the f o r m  

ds  2 = a 2 ( d x  ~ - -  d x  :~ + le~-~ '  d x  v - -  d x  v + 2 e "  dx~ (1) 
2 

w h e r e  a = cons t ,  and the va r i ab l e s  x ~ x 1, x 2, x 3 can  have all  n u m e r i c a l  va lues .  

We a s s u m e  that  the m e t r i c  admi t s  a t imel ike  cycle and that  this is given by the r e l a t ionsh ips  

x~=/,(t), t ~ I o , l l  
_ , d L  ( i = o ,  1 ,~), 

f , ( O ) - - f A I , ,  ~ ( 0 ) =  (1) 

w h e r e  fi is a funct ion of c l a s s  C k (k >- 1). It is not  diff icul t  to  see  tha t  the funct ion f2 cannot  be c o n s t a n t  
and this  impl ies  tha t  the funct ion ~ (t) = f~/f~, (where  the dash  denotes  d i f fe ren t i a t ion  with r e s p e c t  to t) can  
v a r y  o v e r  the whole m l m e r i c a l  ax is ,  b e c a u s e  f2 has  an  e x t r e m u m  in the i n t e rva l  (0, 1). 

We thus have 

e2Att} 
( s ' )  ~- = [ f~  + e ' , ( ' ) f ; l "  - ( f ~ ) "  ,~ - -  - - - ( f ~ ) e  - -  (f'3)" ~ [ f o  - -  e/';t) f~ ]~ .  

Let  { I i}mi =1 (m >- 1), the i n t e rva l s  con ta in ing  the z e r o e s  of the funct ion f~' (t), be so  s m a l l  tha t  
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A=  10,11 ~ ~J , ' ,~ ~. 

Then  f o r  A we have :  ( s ' )  2 ~ (f~)2 F ( t ) ,  w h e r e  F ( t )  - [~ (t) + exp  fl (t) 12. 

t ha t  a t  the ends  of  the  i n t e r v a l s  I i ( i  = 1 . . . . .  m) 

We t ake  the m a n i f o l d  
i l l  

i d I i such  
i = 1  

I~. (t) l >  expf~ (t), (2) 

and  a l s o  A # q). Suppose  t ha t  t o 6 (0 ,  1) is  the  e x t r e m a l  po in t  of the  func t ion  f2. Then  t o E I k ,  and  a s  a r e -  
s u l t  of (2) and  of the f ac t  tha t  ~ (t) ha s  a z e r o  a t  t 1 in  the  i n t e r v a l  (0, 1) (wi th  of  c o u r s e  t 1 ~ to) i t  i m m e d i -  
a t e l y  fo l lows  tha t  the  g r a p h s  of the  func t ions  ~ (t) and  exp  fl (t) have  a c o m m o n  poin t ,  i . e . ,  t h e r e  e x i s t s  a 
p o i n t  t 2 such  t ha t  t 2 E A and  ~ (t2) = - - e x p  fi (t2). But  then  ( s ' )  2 (t 2) - 0, and  th i s  c o n t r a d i c t s  the  t i m e l i k e  n a -  
t u r e  of o u r  c u r v e .  

Thus  the  Gtktel  m e t r i c ,  c o n s i d e r e d  a s  a c o s m o l o g i c a l  m o d e l  wi th  a E u c l i d e a n  topo logy ,  does  not  a d -  
m i t  t i m e l i k e  c y c l e s .  The  c o n c l u s i o n  of  C h a n d r a s e k h a r  and  W r i g h t  i s  t h e r e f o r e  c o r r e c t .  

2. In o u r  opin ion ,  Gt ide l ' s  e r r o r  o c c u r r e d  a s  a r e s u l t  of  the  c a r e l e s s  u s e  of a c o o r d i n a t e  t r a n s f o r m a -  
t ion ,  b e c a u s e  a change  of c o o r d i n a t e s  i m p l i e s  the  p o s s i b i l i t y  of a t r a n s i t i o n  f r o m  one topo logy  to a n o t h e r .  
We can  m a k e  th i s  c l e a r  by  m e a n s  of an  e x a m p l e .  F r o m  a Minkowsk i  p l a n e ,  i . e . ,  a p l a n e  wi th  the m e t r i c  

ds ~ --. d x  '~ - -  dy*, (3) 

we cut  out  the  s t r i p  {0 - x -~ 1} and  iden t i fy  the  b o u n d a r y  po in t s  (0, y) wi th  (1, y ) .  We thus  go o v e r  f r o m  
a E u c l i d e a n  to  a c y l i n d r i c a l  t o p o l o g y  and  thus  e n s u r e  the  e x i s t e n c e  of a t i m e l i k e  c y c l e  which  d id  not  e x i s t  
b e f o r e .  The  p r o c e d u r e  i s  a l s o  c o n t a i n e d  in  the  t r a n s f o r m a t i o n  

(~- + ~q-~) charctg (~ .r~), (4) x = ~ t~" + ~2) sharctg (~/~), Y = 1 ,~ 

w h i c h  c o n v e r t s  (3) to  the  f o r m  

ds ~ = (.q"- - -  ~")(d~ ~ - -  d'q ~-) - -  4~d;.d'q, (5) 

b e c a u s e  (4) c o n t a i n s  the  t r a n s f o r m a t i o n  exp  (x + iy) which  " p i c k s  out" a p o i n t  f r o m  the p l a n e .  The  t i m e l i k e  
c y c l e  f o r  (5) i s  g iven  b y  the r e l a t i o n s h i p s  ~ = s in  t ,  ~ = cos  t and  the v e l o c i t y  of a p a r t i c l e  f r o m  the g iven  
w o r l d  l ine  a t  the  i n s t a n t  the  c y c l e  i s  c l o s e d  i s  e q u a l  to  c �9 th4~ ~ 0 . 9 9 c !  

3.  We now d e r i v e  s o m e  e s t i m a t e s  which  e n a b l e  us  to  judge  u n d e r  wha t  p h y s i c a l  cond i t ions  t i m e l i k e  

c y c l e s  a r e  r e a l i z e d .  

We u s e  the  n o t a t i o n  and  t e r m i n o l o g y  of [4]. 

We s u p p o s e  tha t  the  g r a v i t a t i o n a l  f i e l d  is  c o n s t a n t  and  i s  c r e a t e d  by  m a e r o d u s t  a t  r e s t .  S ince  the 
r e a l  t i m e  and  s p a t i a l  d i s t a n c e  a r e  c h r o n o m e t r i c a l l y  i n v a r i a n t ,  we can  t ake  g00 = c o n s t  > 0, f o r  in  the  oppo-  
s i t e  c a s e  i t  i s  p o s s i b l e  to m a k e  the  t r a n s f o r m a t i o n  x ~ ~ / ~ 0 0  x~ x a -* x ~ . 

We a s s u m e  tha t  the  t i m e l i k e  c y c l e  L is  an  a n a l y t i c a l  J o r d a n  c u r v e ,  t ha t  i t  l i e s  on the s u r f a c e  F {x ~ 
x 3 = cons t}  and  bounds  the  r e g i o n  F .  We can  a s s u m e  wi thou t  l o s s  of  g e n e r a l i t y  tha t  the  c y c l e  L is  g iven  
b y  the cond i t i ons  x i2 + x 22 = cons t ;  x ~ x 3 = cons t ,  i . e . ,  i s  a " c i r c l e , "  b e c a u s e  if  i t  i s  not  we can  m a k e  an  
a n a l y t i c a l  t r a n s f o r m a t i o n  of  the  c o o r d i n a t e s  x I and  x 2 by  v i r t u e  of the  R i e m a n n  t h e o r e m  and  the S c h w a r t z  

p r i n c i p l e  [10]. Suppose  a l s o  tha t  g03 = g13 = g23 = 0. 

C a l c u l a t i n g  the  r e a l  t i m e  s p e n t  r o u n d  the  pa th  L,  we ge t  

I ~ )  g ~ _ d x , , = ! i f g ,  dx,dx~. ' 
: (L)  = - ;  ,_ Vgoo .. a 

where 

l_ 
c f o x  I \ g o o /  Ox 2 \ g o o / l  

On the b a s i s  of  the  equa t ion  in [4], we can  w r i t e  

1216 



~ O p  1 
c 4 g " g ' - ' ~  _ _  (g'~)~ 

w h e r e  p i s  the  d e n s i t y  of m a t e r i a l .  No t ing  tha t  the  t e n s o r  7a/~ g i v e s  a c y l i n d r i c a l  R i e m a n n i a n  m e t r i c  on 

the  s u r f a c e  F and  deno t ing  the d e t e r m i n a n t  of the  m a t r i x  II 7~fl  II ( a ,  fl = 1, 2) by  5, we ge t  

SS c ~" ]/'Jzdx'dx".. (6) 
F 

Since  de t  II g ik  II < 0, the  a r e a  bounded  by  the t i m e l i k e  c y c l e  L canno t  be  a r b i t r a r i l y  s m a l l  in the s e n s e  
of th i s  i n d u c e d  m e t r i c .  We a s s u m e  tha t  the  g iven  c y c l e  L has  the  m i n i m a l  a r e a  and s u p p o s e  t ha t  the  d e n s i t y  

p c h a n g e s  l i t t l e  in the  r e g i o n  F .  We then  ge t  f r o m  (6) tha t  

(L) ~ o,~),~ ~ (F),  
s 

w h e r e  a ( F )  d e n o t e s  the  a r e a  of the  r e g i o n  F .  We now s u p p o s e  tha t  fo r  the  s p a t i a l  l ength  l (L) of the  c y c l e  
L and the a r e a  cr (F)  we have  

(F) ~ ~- l [ l  (L)]2. (7) 

It is  then  p o s s i b l e  to  a s s u m e  tha t  the  c o m p o n e n t s  of the  m e t r i c  t e n s o r  f o r  the  s u r f a c e  F e i t h e r  depend  
only  on xi 2 + x22, o r  tha t  the  d e v i a t i o n s  f r o m  th i s  cond i t i on  have  l i t t l e  e f f ec t  on (7) .  We thus  ob t a in  the  r e -  
q u i r e d  r e l a t i o n s h i p  

= ~ 2.10 -e4 I/~- 12. 

I t  thus  fo l lows  tha t  when p ~ 10 -31 g / c m  3 , wi th  ~- ~ 1 y e a r ,  we have  l ~ [ d i s t a n c e  f r o m  the sun  to  the  
c e n t e r  of the  ga laxy]  ~ 8000 p a r s e c ;  if  h o w e v e r l  = 1000 k in ,  then  z ~ 6 �9 10 -23 s e c !  K we t ake  T = 1 y e a r  
and  I = 1000 k in ,  we ge t  p ~ 1028 g / c m 3 !  ! If we do not  i n s i s t  on cond i t i on  (7), then  wi th  z = 1 y e a r ,  l = 1000 
k m  and  p ~ 10 - a  g / c m  3, we ge t  ~ ~ 1097r-~l 2. T h i s  m e a n s  tha t  the d e v i a t i o n s  f r o m  E u c l i d e a n  g e o m e t r y  in 
a 3 - s p a c e  w h e r e  t i m e l i k e  c y c l e s  o c c u r  a r e  indeed  v a s t  and  t h e r e  can  be l i t t l e  doubt  abou t  the  c o n c l u s i o n  
tha t  the  s i t u a t i o n s  in which  t i m e l i k e  c y c l e s  o c c u r  l ie  o u t s i d e  the l i m i t s  of c o n t e m p o r a r y  know le dge .  

4. We can g ive  an  e x a m p l e  of a m a n i f o l d  wi th  E u c l i d e a n  topo logy  and  m e t r i c  which  a d m i t s  t i m e l i k e  
c y c l e s .  

Let 

ds ~ = 21 dxo2 + 2(2(x2dx, x:dx2) dx,._~(22x22\ __ -21 \)dr:2 

__ 2(_F-x'x~dx'dx ~ +((22x:~--2)  dx~ 

The r e q u i r e d  c u r v e  is g iven  by  the r e l a t i o n s  {x ~ x a = cons t ,  x 1 : a s in  t,  x ~ = a cos  t } ,  w h e r e  a -> i 
/~/ 2 ~,. 
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