
G R A V I T A T I O N A L  A N A L O G  OF  T H E  Z E E M A N  E F F E C T  

A .  K .  G u t s  UDC 530.12:531.51 

An equation is obtained fo r  calculat ing the spin--gravi ta t ional  in teract ion analogous to the 
Zeeman effect .  

The purpose of this note is to obtain an equation for  calculat ing the spin--gravi tat iotml in terac t ion  
analogous to the Zeeman effect .  In predict ing this phenomenon, Zel 'dovich [1] suggested that the effect  is 
caused by the components g0e~ ( a = 1, 2, 3) [2]. This is, however,  not quite co r rec t :  even when these 
components a re  nonzero ,  the ef fec t  might not occur .  

The equation we der ive  is Invariant  under  an a r b i t r a r y  t rans format ion  of coordinates .  

In what follows, i, k, l . . . .  =0 ,  1, 2, 3; ~, fi, 3/ . . . .  =1 ,  2, 3. 

w  D e r i v a t i o n  o f  t h e  E q u a t i o n  

Let  h~a ) , h(a)i denote respec t ive ly  the eont ravar ian t  and covariant  components of the t e t rad  dist in-  

guished by the index fa), so 

h(a)  i .flab) t.t ~ i i *: "t~ tt(b), h(a) ~ "fj(ab) h (b) , gi~: h(o) hco) ~> O, 

where  ~?(ab) = {1, --1, --1, --1 } is the Minkowski me t r i c  t ensor .  The connection between the te t rad  field 
and the me t r i c  field is given by 

l. ~(a)  c;i~ l,i t.(a) ~ ]l~a ) h(a)  ~i ,ffi~ = n(a)  i , t r  , ~4 = n(a)  n , , ~  -~- % .  

The te t rad  field is defined to within the rotat ions 

where the mat r ix  [I f2 !a! (x) II is orthogonal .  

mat r ix  

where 

[3, 

The te t rads  h(. a) then t r an s fo rm  by means of the orthogonal 
1 

--(o~ (x )  = ~c,,~) (x)  "~tb>. 

We wri te  the Dirae  equation in the fo rm 

(0,? ) e 

r~ I /zt.(s)(~,,r hls)__ r ~ ) s  ',~r + a ~ . l  

p.381; 4, p. 131]. 

We now suppose that the required equation is of the form 

el) 

(2) 
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where  the quanti t ies  B t~ a r e  r ea l ,  do not contain P l anek ' s  constant  1i, and a r e  functions only of the t e t r ad  
components .  

Equation (2) can be wr i t t en  as 

where  

A 

D r - u +  + - , - C ~  ~u-r- O, 

O~. ~ ihh~o) O + B ~ ~ --  i h a~ h~o) + e h~o, A~, 
OX x C 

�9 "l<~ P. "l 

P~ ~ - f  mmr, ,~ ~o) u(~)  - -  

' 

A . . . . . .  = -2- g " '  \ Ox" ~ ' 

rrtr ra r rt~ t 

where  e(~fiy is the Lev i - -C iv i t a  symbol  in the spec ia l  theory  of re la t iv i ty .  

We can wri te  out the components  B ~ in detail:  

m r  /~K ,'~tt /r l i l t  

B 2 ' ~ mr ,~ mr ,r mi" 
= A m r .  ~: {h(o) h(,s) -- ]/t1~ h(~9 + h(a) h(ol)}, 

B 3 = A..,~ {-- h~) h~,.~mr + hm&o~)'~ ,,t -- h~2) h~O,l,m~ 

and we thus immedia t e ly  get 

B~ , ~- -1  Amr,~: ~.~... e(iPlr mr z.~: 
t t ( i p )  I t l l  ) ,  

i . p , l  

I t  is not difficult to see  that  only these  quant i t ies  sa t i s fy  the above condit ions.  We have thus obtained the 
r equ i red  equation.  This  equat ion has the following p r o p e r t i e s .  

a),. The quantity 8 does not v a r y  under  a r b i t r a r y  t r an s fo rma t ions  of coordinates  because  A m r  ' k and 
m r  h(~) a r e  t h i r d - r a n k  t enso r s ;  h(ip) 

b) As r e g a r d s  pure ly  spa t ia l  ro ta t ions  of t e t r ads  with constant  coeff ic ients ,  i . e .  when the m a t r i x  

~2 !a} has the f o r m  
(D) 

00) 0 (0) �9 ~(0)'~(0~ = I, -(o) = ~(~ = 0 (~ = I, 2, 3),  

the quanti t ies B c~ behave as  pseudovec to r s .  
t heory .  This  follows f r o m  (1}. 

The  m o s t  in te res t ing  p rope r t y  is (a). 
the choice of the coordinate  s y s t e m .  

This  means  that  8 behaves  like i ts  analog in quantum field 

It  impl ies  that  the e f fec t  is independent of any a r b i t r a r i n e s s  in 

w  

[5]. 

S y n c h r o n o u s  F r a m e  o f  R e f e r e n c e  

In a synchronous  f r a m e  of r e f e r e n c e  the m e t r i c  can be wr i t ten  as  

d s  2 = d x  r + g ~  d x  �9 dx~ 

It  is then a lways  poss ib le  to choose the t e t r ad  asi  
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h~ ~  (1, O, O, 0), h~=)= --h(~), = (0, hl ~), h~ ~), /z~=)). 

Eva lua t ing ,  we get  

~L 

2 ~ a,o h~:;) 

5h(s ) ah~ +) +Tao~h~:,~" 

7 < 3  ,~ < ,..,. 

Noting that  the f i r s t  t e r m  is equal  to z e r o ,  we obtain  

B, ~ 1 ch~ ) --f,~o~ ~~ 
= ~ h(s) [+ Ox ~ + ,~(~:,). (3) 

Since it can  be a s s u m e d  f o r  a s t a t i c  f ield tha t  the t e t r a d  componen t s  do not  depend on t ime ,  the e f fec t  does 
not  o c c u r  in this  e a s e .  

It is c l e a r  tha t  the e f fec t  is absen t  if  the m e t r i c  can be c o n v e r t e d  by s o m e  coord ina te  t r a n s f o r m a t i o n  
to d iagonal  f o r m .  

The  e f fec t  does o c c u r  f o r  a s t a t i o n a r y  f ield c r e a t e d  by a ro t a t ing  body [1; 4, pp. 144-147].  How- 
e v e r ,  if we go o v e r  to a s y n c h r o n o u s  f r a m e  of r e f e r e n c e  then the ef fec t  m u s t  r e m a i n  a c c o r d i n g  to p r o p e r t y  
(a) and this m e a n s  that  (3) can be n o n z e r o .  

The  fol lowing conc lus ions  can be drawn.  

(i) The fac t  tha t  the componen t s  g0a a r e  equal  to z e r o  does not  imp ly  that  the ef fec t  is absent ;  on the 
o the r  hand, even  when the componen t s  a r e  n o n z e r o  the ef fec t  can  s t i l l  be absent ;  

(ii) The  p r e s e n c e  o r  absence  of the e f fec t  does not  depend on whe the r  o r  not the 3 - v e c t o r s  

~) c , / - - g  (~Oga~ ) 
2 g+,,, 

are equal to zero and 
+ 

~l  = - -  Ccurl(g,,t, g,,~, goa) 
2 

[2, p.  29, 39]. 

w 3. T h e  P a u l i  E q u a t i o n  

We now de r ive  the g e n e r a l i z a t i o n  of the Pau l i  equat ion  in the g e n e r a l  t h e o r y  of r e l a t i v i t y .  

We take the ve loc i ty  of a f e r m i o n  to be m u c h  s m a l l e r  than the ve loc i ty  of light; then,  wi thout  going 
into the m a t h e m a t i c a l  de ta i l s ,  we can wr i t e  (with a k = 0) 

^ t 1 { 1 A } 
D ~ : , ~ 2 - - ~ o  1 +  _ 2mc D+ . 

P r o c e e d i n g  as  in [4] (pp. 145, 146), we get  

O + 1_3~ e_h~o)A,~_rnc)u+ 
+ ibh~0) Ox ~ c c 

{1 A } 
= ~ ~ co c~ oo,~ -v ~ co =o [o-r-, c, ,.,]_ ,,• 

ez, {3 
(4) 

We now define the quan tum m e c h a n i c a l  e n e r g y  and m o m e n t u m  o p e r a t o r s  as  

E+ = + thc h(o~ ~x~ I 

^ _ ~ I p~ = + i h h ~  Ox ~ 

(5) 
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We can thus write (4) in the form 

This is the required equation. 
energy cor rec t ion .  

~ . 1 ~  A ^  
E+~mc2 +~-~m~P~P~ ~ 8 

ch 0) -J--1 
4m~c ~, 

It can be seen that 8 does in fact  play the role of the spin--gravi tat ional  

I. 

2. 

3. 

4. 

5. 
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