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AMHAMHKA CMMMETPHFi cUHSMMECKOFO RPOCTPAHCTBA

H TEOPHH 3KBHBAPHAHTHbIX BOP^HSMOB

eonpoc o npoHcxo'jKaeHHH OAHOPOAHOCTH H HSOTPOIIHOCTH BceJien-
HOH H3 OCHOB6 TeopHH SKBHBapHaHTHblX 6opflH3MOB.

PeajibHoe (pHSHHecKoe npocTpaHCTBO, TO^aee ero reoMexpHH, o6jiaAaeT
PHAOM CHMMeTpHH (nepeMeuieHHe, BpameHHe, OTpasfeHHe) . OSuiaa TeopHH
OTHOCHtejibHOCTH nopOAHJia npeACTaBJieHHe o MeHHromeflcn c Te^eHtieM:
BpeMeHH reoivieTpHH npocTpancTBa. CjieAosaTeJibHO, MO>KHO roBOpHTb o AH-
H3MHK6 npOCTpaHCTB6HHbIX CHMM6TpHH. IlOCKOJIbKy HpOCTpaHCTBO TOJIbKO
«T6Hb HCTblpeXMepHOrO npOCTpaHCTBa-BpeM6HH», TO 3TO yTBepJKAeHHC M.HH-
KOBCKOro, SyAy^H pacnpocTpaneHHbiM na CHMMeTpHH npocTpaHCTBa, AOJIX-
HO O3H3MaTb, MTO npOCTpaHCTB6HHbie CHMMCTpHH JIHIIIb OAHO H3 npOHBJI6HHH •
CHMMeTpHft npocTpancTBa-BpeMeHH. jlpyrHMH CJIOB3MH, ecJiH G — rpynna
CHMMeTpHH npocTpancTBa-BpeMeHH, TO orpaHHMCHHe ee AencTBHH na npoer-
paHCTBeHHonoAoSHbix ceneHHax H ecTb npocTpancTBeHHbie CHMMBTPHH. Ta-
KOH noAxoA K npo6jieMe CHMMeTpHH npocTpaHCTsa npHBOAHT c neo6xoAH-
MOCTbK) K MaTeMaTHqecKOH TeopHH G-MHoroo6pa3HH, T. e. MHorooSpasHH c
AencTBHeM rpynnbi G '[I]. SAecb yMecTHO HanoMHHTb, HTO jirodoe pHMano-
BO MHoroo6pasHe c rpynnoft CHMMCTPHH (HsoMeTpuft) G HBJineTCH G-MHO-
rooSpasweM. OflHOBpeMeHHO sonpoc o AHHaMHKe npocTpancTBeHHbix CHM-
MCTpHH peiliaeTCH Ha OCHOBe TeopHH SKBHBapHaHTHblX 6opAH3MOB HJIH
G-6opAH3MOB [2, 3]. HHH<e 6yA6T noKasano, xaK c noMomwo STHX TeopHH
pemaeTCH Bonpoc o npHo6peT6HHH B xoAe SBOJIIOUHH BcejieHHOH npocTpan-
CTBOM T3KHX BaJKHblX CBOHCTB, K3K OAHOpOAHOCTb H HSOTpOHHOCTb.

1. IlycTb G — rpynna H M
n — n-Mepnoe rjiaAKoe opHeHTHposaHHoe

MHOroo6pa3He. FlycTb G-*-Diff+(Mn) — roMOMopcJDHSM, FAG Diff+(Mr!) —
rpynna coxpaHHiom,Hx opneHTauHK) AH(J)(];>eoMopcJ3H3MOB MHoroo6pasHH M

n
.

TorAa roBOpHT, MTO M
n ecTb G-MHOroo6pasHe n MTO G AeficTByeT na M

n
.

O6pas ajieMCHTa g 6 G npn G->-Diff+(M") oSosna^HM qepes g H nnmeM
g (x) AJIH oSpasa TORKH x 6 M

n npn AeHCTBHH na nee aJieMCHTOM g. ECJIH
G — rpynna Jin, TO AoSaBonno TpeSyeM, qTo6bi OTo6paxeHHe
(£>

 x
)-*~g(

x
)
 H3 nauiero onpeAejienna AGHCTEHH SBIJIO rJiaflKHM.

ByAeM odosnaqaTb G-MHorooSpaane M
n
 c 4>HKCHpoBanHHM

rpynnw G qepea <G, M
n
>. Aea G-MHoroo6pasHH <G. Ml

CymeCTByCT COXpaUHKIUlHH OpH6HTan.HIO
CO : Ml -> All, HB^HIOIUHHCfl 3KBHB3pHaHTKbIM OTO6p3>KeHHeM, T. 6.

< ? ( g ( x ) ) =g (<?(*)) A^ia Bcex geG, x^M".
OycTb < G, M

n > — opueHTHpyeMoe saMKnyToe, T. e. KownaKTHoe
6ea Kpaa G-MHoroo6pasHe. OHO COPAHHTHO ny^ro, ecjiii HafiAeiCH KOM-
naKTHoe opHeHTHposaHHoe G-MHoroo5paBHe < G, 1/R+1>, A/IH KOTOporo
< G, dV

n+l
> 3KBHBa;ieHTHO <G, M">. SAecb dV+

l
 — Kpaft MHOFO-

o6pa3HH V
n
+

l
. Jinn Aeyx G-MHoroo6pa3nft < G, MI>, <G, Ml> cy-

oSbmnoe HecBHsnoe oS-beAHHenne < G, MfJM^>. FlycTb
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— < G, M"> = <G, — M
n
>, TAG — M

n — MHorooCpasKe -/W", Baaxoe
c npoTHBonojio>KHOH opHeHxauHeft. Hapa < G, MI> 6opAanxHa nape
< G, M">, ec.,™ necBHSHoe oQteAHHeHiie < G, M^(J( — M*)> 6op-
A3HTHO HVJlfO.

OxHOUieHHe 3KBHBapH3HXHOH 6opAaHTHOCTH HBJ1H6TCH OTHOUieHHeM
3KBHB3JieHTHOCTH H3 MHO>KeCTBe BCeX 33MKHyTbIX OpH6HTHpOB3HHbIX n-
MepHHx MHoroo6p33HH [2]. OfiosnaMHM KJiacc SOPAHSMOB G-MHoroo6pasHH
<G, Mn> qepes [G, M

n
], a coBOKynnocxb Bcex xaKHX KJiaccoB qepes

Q n(G). HecBHSHoe o6t>eAHHeHHe G-MHoroo6pasHH HHAyunpyex B Qn(G)
cxpyKxypy aSejiesoH rpynnbi. ECJIH BO Bcex onpeAeJieHHHx onycTHTb Tpe6o-
B3HHe opneHTHpyeMocxH MHoroo6pa3Kfi, TO HMeiOT rpynny HeopneHTHpye-
MHX n-Mepebix 6opAH3MOB Nn(G).

2. ,HBa 6opA3HTHfaix G-MH0roQ6paanH < G, M\ > H < G, M\
K3K naHa^bHoe H KoneHHoe COCTOHHHH SBOJIKDUHH rpynnu CHM-

G (pHSHiecKoro npocTpancTBa. OxcyrcTBHe CHMMeTpHfl G —
AeftCTBHH rpynnbi G, T. e. roMOMOpdpn3M G-^

CoOTBeTCTB6HHO pOKABHHe CHMMCTpHH O3HaH3eT, MTO A6HCT-
BH6 rpynnbi G B M\ HeipHBHajibHO. Anajionmno noHHMaeTca napyiiieHHe
CHMMeTpufl G. B STOM ' c.nyqae Kone^Hoe G-MHoroo6pa3He < G, M\ >
oS^aAaex TpHBHa^bHtiM AeftcTBiieM rpynnbi G. BopAHSM < G, \/4>, Kpafl
KOTQporo dV* = M

:
l\J( — M\), — STO npocrpancTBO-BpeMH, HaqajibBbiM

H KOHe^HbiM npocTpaHCTBeHHonoAo6HbiMH ceqenHaMH KO'roporo Aoyi>KHbi
\ H M\. J!,eftCTBHTe,abHo, 6opAH3M (ujieuKa) < G, V* > ocaa-
j;openueBofl MexpHKOft BHAa [4, 5]:

giK = T iK— a • CD,- <8> «)K, (1 )

TAB 7 — neKOTOpaa puMaHosa MexpHKa, a CD — l-cjjopiwa, AJIH Koxopofl M\
H Af 5 — 3To npocrpaHCTBeiiHonoAoSHfaie TpexMepnbie nosepxHOCTH. PnMa-
Hosy MexpHKy 7 MOH<HO BSHTB T3K, qxoSbi rpynna G 6bijia ee rpynnon
CHMMerpHfl (HsOMerpHH) [1, c. . 294] . ECJIH MHoroofipasHe V

4 AonycKaeT
npocTpaHCTBeano-BpeMeHHoe cjioenHe [5] TaKoe, MTO CJIOH — cyxb o
rpynnbi, a //If , M| T3K5K6 CJIOH, TO MOXHO CMnxaTb, MTO Aannoe
nopoxAeno !-<J)opMOfl co. Ho xorAa co HneapiiaHTHa oxnocHTejibHO
rpynnbi G H, cJieAQBaxejibHO, MexpHKa g AonycKaeT rpynny cHMMexpiifi G.
npOCXpaHCXBO-BpeMH <y4, g>» CXaHOBHTCH CHMMeTpHMHbIM OTHOCHTejIbHO
rpynnbi G, BnpoMCM xaKace, K3K K<.M\, g|MJ>, <.M\, g\M%>, rAe g\M'i —
pHManosa MeTpHKa na Ml , HHAyunpOBaHHaH jiopenueBoft MexpHKofi g.
Bojiee toro, KOJib cicopo Mf (i=\, 2) — opSnxbi rpynnbi G, xo sxo osna-
Maex oAHOpOAHocxb cooxBexcxByiomero (|)H3HqecKoro npocTpaHcxsa.

OnncanHbiH sbime 6opAH3M <G, V4> c CHMMCXPHMHOH oxnocHxeJibHO
G jiopenueBofi MCTPHKOH g nasoBeM jiopenueBbiM 3KBHBapnaHTHbiM 6op-
AHSMOM HJIH JiopenueBbiM G-6opAH3MOM. XOTH npocTpaHCTBO g cjiy^ae Jio-
penueBa G-6opAH3Ma OAHOPOAHO (oTHOCHxejibHO G), ocxaioxcH Mnorne
Apyrne npoSjieMbi, cBHsannbie c AHHaMHKoft CHMMCXPHH. 3xo, nanpHMep,
npo6jieMa HsoxponnocxH npocxpancxBa. KoneqHoe G-MHoroo6pasHe <G,
M\> AOJIJKHO B xaKOM cjiyqae oSjiaAaxb xaKHM AencTBHCM rpynnbi G, HTO
CTa6HJiH33TOp Gx rpynnbi G B KHJKAOH TOMKC x 6 Ml HSOMOpcpeH rpynne
50 (3). riOHHXHO, 3THM CBOHCXBOM H6 O6H33HO o6jiaA3Xb HaHaJIbH06 COCXO-
HHHe <G, M\ >. PeuiHXb AaHHyro npoSjieny MHCXO MaxeMaxHHecKHM
nyxen MOJKHO, CCJIH BbinncjiHTb KJiacc [G, M\ ]. B cjiywae, KorAa -<G,
M\ > f [G, M\ ], cjieAyex cKasaTb, qxo nsoxponiiH Hens6e>KHO BOSHHKaeT
HS HanajibHoro COCTOHHHH <<G, M\ >. Bojiee TOFO, ecjin Q3(G)=0, TO
Hsoxponnocxb BOSHHKaex ns JiioSoro nawajibHoro COCXOHHHH. ECJIH >KC
Q 3 (G)^=0, xo HSOXponHH nopo>KAaexcH AajieKO He HS KajKAoro naqaJibHoro
COCTOHHHH, H 3HaHHe SJieMCHTOB rpynnbl O3(G) - 3TO 3H3HHe nyTCH 3BO-
jirouiiH cHMMeTpHft HaqajibHbix COCTOHHHH, paBHO KaK H onpeAejieHHe npo-
IllJIOrO (H3CTOHUJ,HX) CHMMCXpH^HblX COCXOHHHH.
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Qs(G)=/=0 CJieAyex roBOpnxb o KOHKPCTHOM xnne xonojiorHH H
HCXOAHOFO COCXOHHHH BceJIeHHOH, a XaKJKC 0 AOnyCXHMblX TH-

nax xonojiornqecKHx nepecTpoeK, npOHCxoAHiiiHx c npocxpancxBOM B xofle
pasBHXHH BcejieHHOH. HaKoneu, ecjiii AJIH G-MHoroo6pasHfl <G, Aff >,
<G, M-l > jiopenueBa G-6opAH3Ma Hex, HO BOSMOJKen G-6opAH3M <G,
V4>, TO npeAnojiaraH, qxo Aff — opSnxa rpynnbi G, a 'M\ STHM CBOHCX-
BOM ne ofijiaAaex, MM saKJiioqaeM, qxo 6opAH3M <G, l/4> — STO AHHaMH-
Ka poKAaromerocH OAHOpOAnoro ^HSHMecKoro npocrpancTBa.

3. CKasanHoe noKasbiBaei, Kanoe 4>yH,n,aMeHTajibHoe sHaneHHe HMeex
BbiMHCJienHe rpynn 3-MepHLix G-6opAH3MOB. K co>KajieHHio, B jinxepaType
coAepatHTCH Majio CBeAeHHH 06 Q 3 (G) , oco6eHHO A-TH xex cJiyMaes,
G ne HBjiHeTCH KOH6MHOH rpynnofi. HaM, TCM ne Meaee, yAaJiocfa HafiiH
pesyjibxaxOB, Koxopbie nosBOJiaiOT OTBCTHTb Ha PHA Bonpocos,
BblUie.

CymecxByex ({?]; [2, xeopena 14.2]) nojiesnan fyopyiyjia
CBo6oAHoro AeflcxBHH rpynnbi G:

2 f ; e e (G)-2 n _ K (BG)- 2 H
P(

B
0; 2,) mod C, (2)

p+q=n—K

K — pasMepnocxb rpynnbi G; BG — KjiaccHcpHiinpyioiiiee npocxpancxBO
G; Q<7— Q'-MepnaH rpynna SopAHSMOB Toivta [7]; C — KJiacc KOHe^HHx

rpynn neqexnoro nopHAKa; HP(A, F) — p-Mepnan rpynna roMOJiorHH c KO-
MH B rpynne F.

3.1. O A n o p o A H O c x b n p o c x p a n c x B a. Mu AOJIJKHM 3Aecb
npeAnojiaraxb, HXO G AencxByex xpaHsnxHBHO na M\ . Ho xorAa dim G^3.
ECJIH G=Af| x. e. $£f ecxb KOMnaKXiian rpynna Jin, AeficxByroinaH na
ce6e jiesbiMH cABHraMH, xo Q 3(G)=0 i[6]. CjieAOBaxejibHO, OAnopoAHOCxb
(J)H3HMecKoro npocxpaHcxsa (rpynnosoro npocxpaHcxsa; nanpHMep, c<J)epbi
53 HJIH xopa S*y^S

l
y(,S

l
) BOSHHKaex us npoPissojibHoro, BOSMOSCHO noJi-

HOcxbio necHMMexpHMHoro, naqajibHOro COCXOHHHH <G, M\ >.
ECJIH G AeftcxByex CBOOOAHO na 3-MHoroo6pa3HH Ml , xo HS (2) no-

TaK K3K Qo=Z, TO H0(BG;Z)^Z, H, CjieAOBaxejibHO, Q^ee (G)=Z. Ho-
3XOMy CBO60AH3H CHMMCXpHH B03HHKa6X H6 H3 K3JKAOH CBOSOAHOH, 6CJIH
cooxsexcxByiomaH njieHKa V* He HMeex nenoABH>KHbix xo^ek npn AeftcxBHH
rpynnbi G.

3.2. H s o x p o n n o c x b n p o c x p a n c x B a . J3.JIH nojiycBo6oAHoro
AeflcxBHH rpynnbi 53 (x. e. cxaSnjiHsaxop B jno6ofi XOMKB jiH6o xpHBHajien,
Jin6o cosnaAaex co seen rpynnon S3) nssecxHO, ixo Qf r e e(53)==0 [6].
DocKOJibKy S3^St/(2), a SU(2) jiOKajibno H30Mopcj)Ha SO (3), xo xpnBH-
ajibnocxb rpynnbi Q|free(S3) osHaqaex BO3MO>KHOCXb sapoJKAeHHH nsoxponun
npocxpancxsa HS Jiio6oro Ha^ajibHoro COCXOHHHH. HepeMiicjieHHe MHorooS-

M
3
 c nojiycBo6oAHbiM AeficxBHeM S

3 — axo HCCJieAOBanHe xonojiorH-
xnnoB nsoxponnoro c{)H3HMecKoro npocxpaHCxsa.

3.3. A K C H a ^ i b H a H c H M ' M e x p H H . 3apo>KAeHHe umi
H3 npOHSBOJIbHOTO HaMaJItHOTO COCXOHHH3 B03MOJKHO B

xoro, HXO S|free(S1) = 0 npH no.iyCBoboAHOM AeficxBHH S1 Ha M\ [7].
B c^yqae CBoCoAHoro AeftcxBHH 51 HSBecxno [8], HXO [S1,

KOMnaKxnoe S'-MnorooSpasne HasbisaexcH MHorooSpasneM
SeficJDepxa. OHH LUHPOKO Hsy^ajiHCb [9, 10] H GMJIH KJiaccH(})HUHpoBaHbi. C
HX noMombio CXPOHXCH o6m,He 3-MHOroo6pa3HH [11].

3.4. . H a c K p e T H b i e C H M M B T P H H . OHH HBJIHIOXCH nandojiee Hsy^en-
HMMH B MaxeMaxH^ecKOH jiHxepaxype. HanpHMep, Q3(Z2)==0 [12]. FIo-
CKOJIbKy Z2 — AGHCXBHe Ha M

3
 — 3XO HHBOJIIOUHH P: M

3
^-M

3
, P

2
=idjns,
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T. e. nOBTOpnoe npHMeneHHe P Aaex TOJKAecxBeHHoe npeo6pa3OBaHHe, TO
noA Z2-AeftcTBHe nonaAaex xanan CHMMCTPHH, K3K nexnocxb. CjieAOBaxejib-
HO, ecjiH B xoAe xonoJionmecKOH nepecxpofiKH reoMexpnsi 3-npocxpancxBa
xepjiex qexeocTb, xo OHa cnocoSna BOCcxanoBHTbCH wepea neKOxopoe BpeMH.
fleficxBHe Z2 na I/4 MOJKHO paccMaxpHBaxb K&K PT-cHMMexpHio (CCJIH TOJIB-
KO 1ik H CO Z2-CHMMeXpHHHfaI, CM. ( 1 ) ) . HHXepeCHO OXMCXHXb, MTO
Q4(Z2) =Z©Z®Z®Z2 (CM. [12]), x. e. -PT-cHMMexpnH — «xenb» nexbipex

XHHOB 5-cHMMexpHH. fljiH KOHeHHbix rpynn JiopeHueBH G-6op-
B [13]. Fpynnbi Q n ( G ) , rj,e G — KOHeiHaH no^rpynna

5(7(2), HaftfleHbi B [14].
3.5. B n y x p e H H H e c H M M e x p H H . PojKaeHHe BHyxpennHx cHMMex-

PHH 4>H3HMecKHx nojieft npn ycJiOBHH neHSMeHHOcxH npocxpaHcxBa-BpeMeHH.
no-BHAHMOMy, cjie^yer HS paSoxa [6], r^e noKasano, ixo npocxpaHCXBO
rjiaBHoro G-paccjioeHHH naA saMKHyxHM rjia^KHM MHorooSpaaneM 6opAan-
XHO Hyjiro.
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B. r. BAFPOB, B. B. OEyXOB, K. E. OCETPHH

IIITEKKEJIEBbI nPOCTPAHCTBA SJlEKTPOBAKyyMA C

HSOTPOnHblMH nOJIHblMH HABOPAMH THOA (1.1.)

B pa6oxe npoBeaena noJinaa KJiaccHtfiHKauHH uixeKKeJieBHx npocxpaHCTB
poBaKyyiia, AonycKaiom,Hx OA,HO HsoTpormoe BeKTOpHoe noJie KHJUinnra H asa xen-
aopnbix noJiH KHJMHHra. Bee HaftaeHHbie pemeHHH ypaBHeHHH SftHinxeftHa — MaKC-

OXHOCHXCH K Tuny N no DexpoBy.

pa6oxa HEJiHexcn npoAOJi>KeHHeM cxaxen [1, 2]. Ha-
nocxanoBKy salami. Ilycxb B HeKoxopOM pHManoBOM npocxpancx--

Be c CHrnaxypofl (1, — 1, — 1, — 1) ypaBHeHHH reoAesHMecKHx HnxerpHpy-
IOXCH MexoAOM nojiHoro paaaejieHHH nepeMennbix B ypaBHeHHH FaMHJibxo-
Ha — 5^Ko6H:

g''S,,-S,/- m2 = 0, i, j=0, 1, 2, 3. (1)

ECJIH g'i HBJIH6XCH peiUeHHCM CHCX6MU CaMOCOrJiaCOBaHHblX
— MaKCBeJiJia c KOCMOJiorHMecKHM


