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In this article we give necessary and sufficient conditions 

manifold (T2, 5 and T3,4, four-dimensional Einstein spaces) is a motion. The main point here is that we do not 
require the map to be differentiable (this condition is needed in the classical definition of a motion). 

We c o n s i d e r  a f o u r - d i m e n s i o n a l  L o re n t z  manifold  <V, g )  
Euc l idean  space  R 4. We can in t roduce  global  coo rd ina t e s  x 1, x 2 
m e t r i c  g is given by the d i f fe ren t i a l  f o r m  

ds ~ = ~ ,  gik (=L  =~, =~, ~') 

An isotropic cone Cu at a point u ~ V 
vector ~ in Cu satisfies the equation 

or, in coordinate form, 

w h e r e u =  (u 1, u 2, u 3, u4). 

which  a s s u r e  tha t  a b i jec t ive  map of  a Lo re n t z  

which  is e l e m e n t a r y ,  i . e . ,  d i f f eomorph ic  to 
, x 3, x 4 on V in t e r m s  of which  the Lo re n t z  

dx~dxk. 

is a cone conta ined  in the tangent  space  V u at u such  that  e v e r y  

g,,(~, %) = O, 

{,4 

To the cone Cu we a s s o c i a t e  a subse t  C u of  the manifold  V as fol lows.  A point x ~  C~ if and only if x 
s a t i s f i e s  the equat ion 

g~k (u 1, u~., u ~, u ~) (=i - -  u~)(x~ - -  u~) = 0. (1) 

Le t  f :  V - -  V be a mot ion  of  V. Then f p r e s e r v e s  i so t rop i c  cones ,  i .e . ,  

(d/)ACD = C,,~ (2) 

for every point u ~ V. It is easy to see that if f has the properly that 

] (C,,)  = C. , , ,  (3) 

f o r  eve ry  point  u ~ V, then f s a t i s f i e s  (2). T h e . c o n v e r s e ,  in gene ra l ,  is fa l se .  

H o w e v e r ,  we do have the fol lowing l emma .  

LEMMA. If Gr  is an r - p a r a m e t e r  g roup  of  mot ions  of  the manifold  <V, g} which  is aff ine in the global  
c o o r d i n a t e s  {x i} ,  i . e . ,  each  mot ion  J ~  G, is an affine t r a n s f o r m a t i o n ,  then Eqs .  (2) and (3) imply  one another .  

The fol lowing ques t ion  a r i s e s  na tu ra l ly :  Could not one define a Loren tz  mot ion  of a manifold  as a b i jec t ive  
map  f : V -~ V sa t i s fy ing  condi t ion (3) ? Such an a p p r o a c h  makes  it poss ib le  to r e m o v e  the r e q u i r e m e n t  that f be 
d i f f e ren t i ab le  and involves  only p r e s e r v a t i o n  of z e r o  lengths ,  and not p r e s e r v a t i o n  of d e r i v a t i v e s  (as is c u s -  
t o m a r y  in def ining mot ions) .  

H o w e v e r ,  it is ea s i ly  seen  that  this a p p r o a c h  to def ining mot ions  extends only to those  homogeneous  
L o r e n t z  manifolds  which  admi t  c o o r d i n a t e s  with r e s p e c t  to which  the g roup  of mot ions  is affine.  M o r e o v e r ,  
the fami ly  of  " cones "  {C~ : u ~ V} is c o n s t r u c t e d  f r o m  a fami ly  of i so t rop i c  cones  {C~ : u ~  V} , but this c o n s t r u c -  
t ion is c o v a r i a n t  only wi th  r e s p e c t  to the g roup  of  affine coo rd ina t e  t r a n s f o r m a t i o n s .  T h e r e f o r e ,  ou r  a p p r o a c h  
is c l o s e l y  r e l a t ed  with the p r o b l e m  of choos ing  p r iv i l eged  coo rd ina t e  s y s t e m s  with r e s p e c t  to which  the g roup  
of  mot ions  is affine.  The ex i s t ence  of p r iv i l eged  coo rd ina t e  s y s t e m s  depends on the p r o p e r t i e s  of  the manifold  

Omsk State University. Translated from Sibirskii Matematicheskii Zhurnal, Vol. 22, No. 5, pp, 31-39~ 
September-October, 1981. Original article submitted December 25, ]979. 

0037-4466 /81 /2205 -0673507 .50  �9 1982 P lenum Publ i sh ing  C o r p o r a t i o n  673  



in the large [1, p. 12], and for  this reason our approach is based on deeper  principles than might appear at 
f i rs t  glance. This r e m a r k  takes on physical meaning if we recal l  that in and of i tself ,  the principle of general  
covar iance is not the expression of any physical law [1, p. 13], whereas the choice of privileged coordinate 
sys tems  is related to the attempt to express  physical laws in their  s implest  fo rm [2, p. 122]. 

Finally,  since we have to establish the differentiabili ty of the map f considered,  it suffices for  this to 
choose a single coordinate sys t em f rom an atlas of char ts .  

Definition. Assume that a group of motions of a manifold V becomes affine in the coordinates (xi}.  In 
this ease ,  a map preserving  isotropie cones is understood to be a bijection f :  V -* V satisfying condition (3). 

In this ar t ic le ,  we study bijections which p rese rve  isotropic cones in Einstein spaces of maximal mobility 
sat isfying the equations 

for  some constant  ~ ~ 0. 

Such manifolds are  known to belong to one of three types descr ibed by Pe t rov  [3, p. 249]: 

1) the space T~, a space of constant  curvature ;  

2) T2,5, a space of Pe t rov  type II with a f i ve -member  t ransi t ive group of motions; 

3) T3, o a space of Pe t rov  type III with a f o u r - m e m b e r  t ransi t ive group of motions. 

We studied the f i rs t  case (a De Sit ter  manifold) in [8] without considering the global topological s t ructure .  

Therefore ,  in this work  we only study the other two cases ,  the spaces T~,5 and T3, 4. Topologically, T2, 5 aud T3, 4 
a re  homeomorphic  to R ~ [3] and they are  therefore  elementary.  

, 
In coordinates with respec t  to which the group of motions is affine, I72, 5 is defined as follows [4, p. 214]: 

ds ~ = - -  e ~ (2dx~dx  a + dx  ~ )  d- e e - ~ ' d x  a~ - -  d x  ~ (4) 

with motion group G 5 

) 
7rl = e 5~5xl - -  % e5%x~ - -  ~ e~%x3 § ~1] 

! 
x ~ = e~ sx~  § % e ~ x  3 + cz2 

x a = e -~ax3 Jr- a3 i 

2 I x~ = x4 - - 6 -  ~ '  

(5) 

where  o~ = J '~--~(~ > 0), e = +1 and a i  (i = 1, 2, 3, 4, 5) a re  a rb i t r a ry  real  pa ramete r s .  

Fo r  the space T3, 4 we have correspondingly  [4, p. 218]: 

~ = e - ~  ~ (2e~dx~dx ~ - -  dx  ~ )  + 2 ~ e ~ d x ~ d x  ~ _ ~ e,O~'dx~ "~ _ dx  .~, 

e ~ ]/• e, = - t ,  ez ---- • 
(6) 

and the group G 4 is given by 

x ~ = e  x - + ' ~  i 

x 3 = e - ~ x  3 + 5 
$ (7) 

where  a ,  fl, 7, 5 are  a rb i t r a ry  rea l  pa rame te r s .  

We now state the main resu l t  of this work.  

THEOREM. Any bijeetive map of the spaces  T2, 5 or  T3, 4 onto themselves which p rese rves  isotropic cones 

is a motion. 

This theorem should be regarded  as a general izat ion of a theorem of Aleksaadrov and Ovchinnikova [5] to 

the case  of twisted Lorentz  manifolds. 
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We express  our  deep thanks to A. V. Kuz~minykh and Yu. F. Bor i sov  as well  as the par t ic ipants  in the 
"Chronogeomet ry"  s e m i n a r  at Novos ib i r sk  State Univers i ty  for  valuable comments  and ass i s tance  in the p repa -  
ra t ion  of this paper .  

1 .  Proof o f  t h e  L e m m a  

(1.1) Let 

x i = x i ( x % x L x  **~*)~ ~ at,~ + a *  (8) 
k = : l  

be a t r ans fo rma t ion  of the manifold V belonging to the group of motions.  If the map in (8) has p roper ty  (2), then 

gi,(~, ~2, ~ iT~)dx~dx~ = g ~ ( a ' ,  2 z#, EOd:c'dx ~ = 0 (9) 

o r  

- -  --3 - - 4  ~ { h gi~ ( 7*~, u s, u , u ) ana,~ - -  g~,~ (u l, u t  u ~, u~), 

where  (u ~, u 2, ua, u 4) and (u~, u2, u a, u 4) a r e  the coordinates  of the point u ~ V af te r  and before  applicat ion of 
the motion cor responding  to (8). Consequently,  

1 2 --1 - - ~  
, - -  = o4a~  • 0 ---- gn,n (u , u , a a u') (z n - -  u ~) (x" u m) g~ 

x ( x -  - - : F - ,  - ( x  - ( 1 0 )  

i .e . ,  we obtain Eq. (3). Consequently,  a s s u m e  Eq. (3) is sa t i s f ied ,  i .e . ,  (10) holds. Then (10) immedia te ly  i m -  
plies (9) or  (2). The l e m m a  is proved.  

(1.2) Proposi t ion.  Eve ry  conformal  t r ans fo rma t ion  of the s p a c e  T2, 5 o r  T3, 4 of the f o r m  

4 

x ~ = ~ a~x ~' + a i (11) 
h = l  

is t r iv ia l ,  i.e., a motion. 

In fact ,  the Killing vec to r s  for  conformal  t r ans fo rma t ions  of the type {11) have the f o r m  

4 

k = l  

These  Killing vec to rs  a r e  known to sa t i s fy  the equations 

~" ~ + -gin ~ + g~  ~ o x - - ~  = ~g~k, 

where  X is some  function. 

Cons ider  the space  T2, 5. 
obtain 

f r o m  which it  is c l e a r  that  

Writ ing out the Killing equations (12) for  pa i rs  (ik) equal to (22) and (44), we 

- -  2r _ 2 e e ~ . ~ 4 b ~  = _ ~ . e ~ o x ~  

- -  2b~ = - -  L, 

k = 2b~ = c o a s t ,  

~, = 2 (0~  4 -~- 2b~. 

C o n s e q u e n t l y ,  ~ = c o a s t ,  i . e . ,  b~ = b~ = b]  = b~ = O. But t h e  l a s t  equations give X = 0 .  T h u s ,  t h e  assertion in 

( 1 . 2 )  i s  v a l i d  f o r  t h e  s p a c e  T2,  5. 

N o w  c o n s i d e r  t h e  s p a c e  T3 ,  4 a n d  w r i t e  o u t  E q s .  (12)  f o r  ( ik) e q u a l  t o  (22)  a n d  ( 4 4 ) :  

- -  2b~ : :  - -  ~. 

Then 

= 2b~ = const, 

bl = 0, 

(12) 
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This gives  b i = b~ = b~ = b~ = O and h = 0, i .e . ,  

A s s e r t i o n  (1.2) is proved.  

= 2b~ --  2o)~ ~. 

a c o n f o r m a l  t r a n s f o r m a t i o n  of  type (11) is a mot ion.  

2 .  P r o o f  o f  t h e  T h e o r e m  

A) Take the c a s e  T2 j .  

The cone Cu fo r  T2, 5 is given by the equat ion 

- -  2e 2(0u4 (x I --  u 1) ( x  3 - -  u 3) - -  e 2(~ ( x  2 - -  u2) 2 .q- ee  -~ ( x  3 - -  u") e - -  ( x  a - -  ua) ~ : O. 

In what  fol lows we ident i fy  V and R 4, and the  t e r m s  "hype rp lane , "  " l ine,"  "pa ra l l e l , "  etc.  
not  to the R iemannian  s t r u c t u r e  on V. 

We wr i t e  H~a ) f o r  the hype rp lane  in V defined by the equat ions x a = a = cons t .  In each  hyperp lane  S~u~) 
we have a f ami ly  of l ines and pa ra l l e l  two-d imens iona l  cones :  

S (H 1, U 2, U a) : {(2g 1, X 2, g3): __ 2e2(au~ (g l  __ u l ) ( g a  __ u s ) .  e201t4 (x2 __ U2)2 _~ ee-~-:  (x" - -  u~)" = 0}, 

(13) 

r e f e r  to R 4 and 

w h e r e  u : (u' ,  u", 

Let  l u be an a r b i t r a r y  g e n e r a t o r  of  the cone S(u 1, u 2, u3), w h e r e  u = (u 1, u 2, u 3, u~). We now prove  that  the 
4 image  of  l u is a l ine f(/u) lying in the hyperp lane  H[f4(u)]. F o r  the points v, w e l~, (v # w, v # u, u # w),  we 

have 

S(u t, u 2, a 3 ) n S(v ~, v ~-, v ~ ) N S ( w  1, w ~, w ~ ) = l~ = lo = l~ = C~ N C~ = C~ N C,~ = C~ N C~. (14) 

4 4 A s s u m e  that  the point f(v) does not lie in the hyperp lane  H[f4(u)]. Since the cone K-----C~)N H[j4(~)] is d is t inc t  

4 , t he r e  exis ts  a f r o m  and not pa ra l l e l  to  the a sympto t i c  cone of  the two- shee t ed  hyperbolo id  F ~-- Cj(~ n HI]4(~)] 

g e n e r a t o r  L of  the cone  K i n t e r s e c t i n g  F at  a point x d is t inc t  f r o m  f(v). Since z ~ Cf~,~ N C~) ,  we have /-~(z) 
C~ n C~ ~ l , .  But by (14) we obtain  [set t ing w = f- t (z)] :  

C,_~(~) N C~ = Cj_~(:) N C,,, 

o r  

C~ fl C,(~) = C~ N Cm,  ). 

4 
However ,  L = C~ N Cj(,) and ] (u )  ~ C~. N C~(,~) = L .  But this is i m p o s s i b l e ,  s i nce  L is conta ined in H[f4(v)] , which  
does not conta in  the point f(u). 

4 This impl ies  tha t  the l ine Consequen t ly ,  the above con t r ad i c t i on  shows tha t  (14) impl ies  ] ( v ) ~  H[s~(~)]. 

/u is mapped  onto the l ine ] ( L )  = C l ( ~  n C~o~.  Thus ,  all  the g e n e r a t o r s  of the cone ] C~ N H ~)  lie in H[f4(u)]. 
T h e r e f o r e ,  f maps  the f ami ly  

H 4 of  equal and pa ra l l e l  cones  onto the s i m i l a r  f ami ly  of cones  {C~ N H '  :w~ [14(u)]}. But then by T h e o r e m  3 in il~(u)] 
f is affine on H~u~) , and in p a r t i c u l a r ,  [6], 

4 
Let  l be a l ine lying in H(u~) pas s ing  th rough  the point u, and not i n t e r s e c t i n g  the s e t  

' ~ + ~ e  - ~  o(x~ u3)~ (x ~ u ~ ) ~ 0 ,  (15) __ 2e 2'0% ( xl __ ul) ( x~ __ u3) __ e ~ ~  ( z2 __ u~) 2 4 __ __ __ 

except  f o r  the point  u. The se t*  

dl 
Q ~ , ~ - C u \  U (CxNC=) (16) 

xEl  
xq=u 

*This  c o n s t r u c t i o n  was  shown to us in the t h r e e - d i m e n s i o n a l  c a s e  by A. V. Kuz~minykh. 
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is a two-d imens iona l  cone which "s t icks  out" in the fourth dimension f r o m  the hyperp lane  H(u~). Now let I '  be 
a line dis t inct  f r o m  l and not in te r sec t ing  the se t  in (15) except  for  the point u and contained in the in te rsec t ion  a 
of H},.a, with a t h r e e - p l a n e  containing the cone Qu. We denote by Qx the cone obtained f r o m  Qu by a shif t  taMng 
la into x . . u ~ u  the set 

Q~\ U (q,:nQ~) (17) 
x E l  r ::~:u 

4 4 is a pa i r  of in te r sec t ing  l ines which " s t i ck  out" f r o m  the hyperplane H(u0). We denote these  lines by t~u and /~,, 
8 r e spec t ive ly .  They span a two-d imens iona l  plane T which in te r sec t s  each hyperplane  H(a) in a line l(a ). I5 the 

point u is moved along T N H  , we obtain two fami l ies  of pa i rwise  para l le l  l ines l}, l~: v ~ T@H(,~ . Bu t  
3 

{&, r}.  I r i s  the lines l (a ) for  a r b i t r a r y  a define a third family  of para l le l  lines on T, which we denote by 
now easy  to see  that s ince f is affine on each hyperp lane  H}a ) (since the number  u{ is a rb i t r a ry )  and p r e s e r v e s  
the cones {Cu} , f p r e s e r v e s  the const ruct ions  in (16), (17) no m a t t e r  which point u ~ H i u ~ )  we choose.  Hence 

f maps the two-plane T onto the two-plane f(T) and takes the three  fami l ies  of pa ra l l e l  l ines {l~,: u ~ T} (i = 
1, 2, 3) onto th ree  s i m i l a r  fami l i es  of pa ra l l e l  l ines.  But then f is affine on T [7]. 

A a 4 We choose  th ree  lines L . (A = 1, 2, 3) in the hyperplane  Hi r and one line Lu. contained in T such that .A Uv ~LIo* " 
the lines Lu0 (A = 1, 2, 3, 4) a r e  in genera l  posit ion,  i .e . ,  the i r  d i rec t ions  a re  l inear ly  independent in R 4. 

The re  exis ts  an affine map g: R 4 onto H4 with the p r o p e r t y  

g (f (uo)) = u o, g[]  (L~ -= L~  (A = 1, 2, a, 4). 

4 4 4 
But then the map g ~ f is affine onto H(u~) and T, and (g o f)(H(u~) ) = H(u~) , (g o f)(T) = T and (g o f)(~u0 7 )  = u0 (A = 

A 
1, 2, 3, 4). We choose t h e l i n e s  Lu0 ( A = I ,  2, 3, 4) as new coordinate  axes .  I t  is easy  to see  t h a t g  f i s  de-  
fined by an a~fine t r an s fo rm a t i on  in these  coord ina tes .  Consequently,  f is affine f r o m  R 4 onto R 4, i~ 

4 

= ~ ah xk + ah. (18) 
h= 1 

Since 

/(C=) = CI (= ) ,  

we have along with (13) that  

__ 2e20]4(U) . [1I ( . )  - -  11 (U)] If3 (X) - -  f3 (U)] - -  e 20)f4(tl). [ I  2 (x )  - -  ~s (u ) l  2 _~ 

+ se -~#(")" [I '  (z) - / 3  (u)p - [I '  (z) - -  I ~ (u)F = 0. 
Substi tut ing (18) into (19), we obtain 

(19) 

{--[2a~a~ q- (a~)'] .X 2 q- ~ -  (a,~) 2 (a~)~} (x 1 -  zd)' i-  

[ , ~  x ,  a S a , ~ . X S q _ 2 _ . ~ _ ~ a S a a 2 a ~ l a : } i x i z d ) ( x S ~ , ) q _  "-R - -  2 (ala S q- axa2 q- x ,j  1 s 

{ 91 s ' - -  In3 a la ' , .X2  2e a ' ') a '  } , q- - - - ~ a ~ a l t a 1 3 1 -  a lp  q - y a a a x - - - a x a 3  i x - - u  1)(x a - u  3) q- 

- -R(- -2(ala:  q- alan1' .~ a ,a : l .X ,  , x] t---~a,a,' a _ 2a~a~}(x !_u l ) (xa  u , ) 4  

q- ( - -  [ 2a~a~ , s , e _ _ -Jr- (a,) ]. X -k --~ (a~)' (a~):) (x 2 u2) ' q- 

q- - -  2ka2 3 q- ~' -2 -a 'aa- -  asaa~(x - - u  S)(x 3 - u  a) + 

{ = s z , 2e aS a 2 a : a : } ( x , _ u 2 ) ( x , _ u r  + -b --  2 [ala a A- aXa a • asa4) .X  -r- T zaa \ 2 4  ~ 4 2 N -  

{ * '  aS= s (aaa)2_(a:)2 } 
+ - + ( . )  ] . x 2  + _ z  ix' - + 

- > ~ - - 2 ( a l a ~ q  4 aq- a~a~) "XS q_._.f2s a3a~a 3 2a~a~ (xa ua)(x4 u~) _ 

(29) 
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w h e r e  

[ '  ] X = exp ~o ~.~ a~u h + o~aa 
h = l  

I f  we now use  P ropos i t i on  1.2 in Sec.  1, we can equate the coef f ic ien ts  of (x i -  u i) (x k -  u k) in Eqs .  (13) and 
(20). Equat ing  the e x p r e s s i o n s  mul t ip ly ing  (x ~ -  u~) z and ( x l -  u~)(x2-  u2), we obtain 

a a~ 0,  a~ ~ : 0.  a 1 ---~ a 1 = = l a 3  

C o m p a r i s o n  of  the coef f ic ien t s  mul t ip ly ing  (x ~ - u4) 2 then gives  

( a l )  ~ = ~ ,  a ~ = a ~ = 0 ;  

f o r  (x ~ - u~)(x ~ - u~): 

d d x '  = 

(21) 

o r  

al ----- a~ = a~ == 0, a~ = i, ala ' 1  3-~-- e-2c~ 

But then (21) impl ies  a~ = 0. Cont inuing with s i m i l a r  c o m p a r i s o n s ,  we obtain the r e s u l t  

4) :::  e - - $ o a 4  

2 o a l a 3  
a~a~ + 2 3 = 0, 

(~)~" + 2a~4  = O, 

] - -  . t  

aX4 = O. 

(22) 

(23) 

Consequen t ly ,  only the coef f ic ien ts  a~, a~, a], a~, a],  a~, a] a r e  nonzero .  M o r e o v e r ,  the las t  th ree  a r e  r e l a t ed  
20/5 by (22) and (23). Hence  one of  t h e m  can  be taken as an a r b i t r a r y  p a r a m e t e r .  Set  a23 = 0/4e and a t = ( - 2 / w ) a  s. 

Then we have f inal ly  

a~ = q-e2a~; a~ = (+__)e-aS; a~ = (-4-)e5~5; a~ = l; 
~Z 

a ]  = = - e ' % ,  - • (24) 
9 

where  the s i g n s  • o r  (• appea r  w h e r e  we had to take s q u a r e  roo t s ,  the pa r en the se s  in the seeond c a s e  a p p e a r -  
ing  as  a r e m i n d e r  that  the cho ice  of  s ign  (say of  a~) au toma t i ca l ly  entai ls  the cho ice  of the s a m e  s ign  of  a~ and 
a~, w h e r e a s  t h e r e  a r e  no r e s t r i c t i o n s  on the s igns  of  a~ and a33. 

I f  we now c o m p a r e  the aff ine map  (18), (24) wi th  the mot ion  (5), we see  eas i ly  that  they coincide, ff the 
uppe r  s igns  a r e  chosen  in (24). In g e n e r a l ,  the s igns  in (24) r e f l ec t  the ex i s tence  of two motions  in ~2,3 given 
by 

(II) 5' = x', ~-~ ---- -x ~, x , = x", 

which were not accounted for when we write (5). Thus case A) is proved. 
$ 

B) Consider the space T3, 4. 

Repeating all the arguments in part A) [not even changing the notation, apart from replacing expression 
(4) by (6) ], we verify that f is affine in the :c~176 which we consider, i.e., as before, Eq. (18) holds for 
f. It remains to calculate the coefficients a~ and a i. We have two expressions, analogous to (13) and (19): 

t e , ~ ,  - -  u~) ~ - -  - -  u ' f  = 2ele -2~u4 (x' - -  u') (x 3 - -  u 3) - -  e - 2 ~ '  (x' - -  u') ~ + 2~2e~' (x' - -  u 2) (x ~ - -  u s) - -  -~- (x 3 (x' 0 (25) 

2exe-2~/4(~).[[' (x) -- 11 (u)] 1] s (x) - -  ] 3  (u)] -- e-'~t4(u) �9 [/~ (x) - -  [ '  (u)] ~ + 

+ 2e,e~1'(=). [p (z) - - / z  (u)l [P (x) --/~(u)l - -  ~ -  e,~/'(=). [p  (z) - -  1' (u)V - -  [P (x) - -  1' (u)l ~ = 0. (26) 

Subs t i tu t ing  (18) in to  (26), we  obtain:  
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I I ~ 4 ~ -  ( 4 )  ~] .x-~  ~ ~ x '  1 . _ - ~ j -  ~ j  + 2 ~ x  ( ~ + + 7 )  + 2~ox<,1<,, T (a? ) ' - -  (<,;),. ( ~  u,)"- + 12 [ ~  (,,, 'A + ' ~' "- ~'. x- ' -  ~<~ - 
k -  

- X ' a = , < ~ l  - P-ala~l (x'  - -  u0 (x~ - -  ,~) + (9. [~, (al<,.I + <~'=~) - -  <O~] :.u -~ § 
3 _ X 4 a 3 a  a 9 4 4 I 

a~q'~ X4a~aa 9 ~ 4~ + { ~ [ ~ l ( ~ I ~ i + ~ l a ~ ) - ~ O . x  " + _ % x ( ~ +  , , -  ~ ~ _ . ~ ( ~ _ ~ l ) ( x ~ _ ~ , ) +  

+ [2~4o~  - ( 4 ) ' ] . x  -~" + - ~  - ~ (~)~ - (d:) ~ (x~ - , , : ) *  + 

+ l~ [ ~  ~ . ' ~  . ' ~  - , 4 ~ l - x  -~ ~ ~' 
X 4  3 $ p 4 4 9 ~ I r - < , ~ < , ~ - . < ~ , 1 ( ~ - - , ~ ) ( / ~ -  u ~ ) - ~ - { ~ [ ~ , ( < ~ . ' , , ~ s . + a o ~ D .  . - < ~ , ~ . ~  ~ -~-'.~ ~ -  

-~-  "~ 2 A ! , a 2 a 4  , 4 21 - -  2 ,  a e a  4 

+ [ ~ A ~ -  0~)'} .x -~  i- a ~ x ~  - ~ 0 ~ )  ~ - (~)~- ( ~ .  u.~)~ + 

+ { 2 [ e  l(a~a ~ a~a~'~ e ~ . . - ~  , 90 r ( ~ " - . ~  , a~a~  \ 4 3 ~-, 4 3]  - -  g/3(/4]  �9 A -Y-- -c2z~- \u3~ 'v~ ~ -  4 32 - -  

- { T - = o ,  - - X  a ~ a i - - 2 a 4 a a ~ l ( x  a , r ~ ) ( x a _ _ u a )  .r_ [ 2 e t a l a I _ ( a ~ t ) ' ] . u  -~- , 9 " = a X ' z  a\e 

w h e r e  

(27) 

x oxp{o + ,=1 

We now c o m p a r e  (25) wi th  (27). The e x p r e s s i o n s  m u l t i p l y i n g  (x 1 - ul) 2 and 0e 4 - u4) 2 g ive  

~. ~ ,. 3 o, 0.1)'- ~, a I = a  l = a ~ = 0 ,  a , ~ = a  4 . . . .  

and f u r t h e r  c o m p a r i s o n  of the  c o e f f i c i e n t s  of  (x 1 - u l) (x 3 - ua), (x 2 - u2) ~, (x 3 - u3) 2 g ive s :  

1 3 = g 2 e ) a ~  a laaX-''l 3 = e - ~  i .e . ,  a ~ . = a ~ = O ,  a ~ = l . ,  a la3 (28) 

~ = o, ~=~  +_ e~176 ~ = ~ = O, ~ = ~ ~-~'~~ (29) 

w h i l e  the  c o e f f i c i e n t s  of  (x 2 - u 2) (x 3 - u a) and (x 3 - u ~) (x 4 - u 4) g ive  

2 a __ e_o~a~ a ! O.  a~ = O, a,a.j  , * = (30) 

E q u a t i o n s  (28) and (29) i m p l y  tha t  a I = ~e  4~a4. 

Thus the  only  n o n z e r o  c o e f f i c i e n t s  a r e  a~, a~, a~, a~, and as  we s e e  f r o m  (28)~ (30), the  s i g n s  o f  a~, a~, 
a] a r e  a l l  the  s a m e .  F i n a l l y ,  we  have  

x I = (:t:) ei<")a~xl ~-  a i ,  

x'Z = ( ~ ) e~a4xZ + a2, (31) 

x 3 = ( + + _ ) e - 2 , o ~ ' z 3  + a 3, 

7?  = z ~ § a 4 . 

L e t t i n g  a a = w-i/3, a 3 = 6, a 2 = 7,  al = c~, then we  s e e  e a s i l y  upon c o m p a r i n g  the af f ine  t r a n s f o r m a t i o n  
(31) wi th  the  mot ion  (7) tha t  t hey  c o i n c i d e  i f  the u p p e r  s i g n s  a r e  c h o s e n  in (31). 

The cho i ce  of  l o w e r  s i g n s  i n d i c a t e s  the  exis tence ,  of  a t r a n s f o r m a t i o n  of the  f o r m  x ~ = - x  ~, x 2 = - x  2, 
x 3 = - x  3, w h i c h  i s  e a s i l y  s e e n  to  be  a m o t i o n  in T3, 4 w h i c h  was  not  a ccoun ted  f o r  when we  w r o t e  down (7), 

Thus ,  f i s  a mot ion .  Hence  the  a s s e r t i o n  of  the  t h e o r e m  is  a l s o  t r u e  f o r  the  s p a c e  T3, o 

The t h e o r e m  is  p r o v e d .  
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S T A T I S T I C S  OF T H E  S P E C T R A L  D E N S I T I E S  

S T A T I O N A R Y  S T O C H A S T I C  P R O C E S S E S  

I .  G.  Z h u r b e n k o  

OF 

UDC 519.24 

In this a r t i c l e  we a r e  in te res ted  in the cons t ruc t ion  and invest igat ion of the asymptot ic  p roper t i e s  of the 
s ta t i s t i c s  of the spec t r a l  densi ty  f(;~) that a r e  cons t ruc ted  with r e spec t  to a s ample  {X(1) . . . . .  X(N)} of a s t a -  
t ionary s tochas t ic  p rocess  X(t), t = . . .  - 1 ,  0, 1 , . . . ,  with the mean MX(t) = 0 and the covar iance  function 
C (t). It  is natural  to cons ider  the c lass  of all the quadrat ic  f o rms  

N 

t ~ b(m~ 
s , t ~ l  

�9 iN) with a r b i t r a r y  coeff iclents  b s t as the admiss ib le  c lass  of the s ta t i s t i c s  for  r easons  of dimension.  As shown by 
! . . 

Grenander  and Rosenblat t  [1-3], the asymptot ic  behavior  for  N ~ ~ of the f i r s t  two moments  of the s ta t i s t ic  of 
the spec t r a l  density is not worsened  if in place of the c lass  (0.1) of s ta t i s t i cs  we cons ider  the na r rower  c lass  
of the s ta t i s t ics  of the f o r m  

t 7N (~) = ~ - ~  ~ b (N) (t - s) e~(t-,)~X (0 x (s), 
$ , t = l  

which can be r ep re sen ted  in the f o r m  

(0.2) 

N - - 1  

t eUXbilV) (0.3) J'N (~) = ~ ~ (t) c~ (t), 
I = - - N + I  

where  

t C~.(t) = -~- ~ X(s)X(s ~-[t I). (0.4) 

Under quite genera l  conditions they have shown that for  a r b i t r a r y  asympto t ica l ly  unbiased es t imate  f~(X) of the 
c lass  (0.1) there  exis ts  a s ta t i s t ic  fN(X) of the c lass  (0.2) such that its bias 

~ ( ~ )  = M~'~{~) - 1(~) (0.5) 

coincides with the bias of the s t a t i s t i c  f~(X), and the va r i ance  is asymptot ica l ly  less  than or  equal to the v a r i -  
ance of fN()0. Thus,  f r o m  the point of view of asympto t ic  behavior ,  it is sufficient  to cons ider  s t a t i s t i c s  of the 
c lass  (0.2). 

The s ta t i s t i c  fN(~) can a lso  be r e p r e s e n t e d  in the f o r m  

?N (z) = S r (x)  zN ( .  + z) dx, (0.6) 

where  IN(X) is called the p e r i o d . g r a m  

(0.7) 
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