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We s h a l l  c o n s i d e r  the n - d i m e n s i o n a l  E u c l i d e a n  s p a c e  E n (n _> 2), in  wh ich  t h e r e  is  def ined  a noncon-  
nec t ed  o r d e r i n g ,  i n v a r i a n t  w i th  r e s p e c t  to p a r a l l e l  t r a n s f e r s .  

1. We i n t r o d u c e  a n  o r d e r i n g  g e o m e t r i c a l l y  in E n, s u c h  tha t  w i th  e a c h  po in t  x ~ E ~' we a s s o c i a t e  a s e t  
P ~ E  ~ , wi th  the c o n d i t i o n s :  (a) x ~ P ~  ; (b) i f  g ~ P = ,  then  p , j c p ~ ;  and (c) for  x ~ y we have Px ~ Py- Then ,  
w r i t i n g  the r e l a t i o n  y ~ P~ as  x _< y ,  we o b t a i n  a p a r t i a l  o r d e r i n g  in  E n. 

The i n v a r i a n c e  of th is  o r d e r i n g  wi th  r e s p e c t  to p a r a l l e l  t r a n s f e r s  is  u n d e r s t o o d  as  fo l lows :  if  t i s  a 
p a r a l l e l  t r a n s f e r  (shift) and t (P  x) deno tes  the i m a g e  of  the s e t  Px u n d e r  the t r a n s f e r  t, then  fo r  any point  x ~ E n 
and any sh i f t  t ,  we have the equa t ion  t (P  x) = Pt(x) .  

Thus ,  an  i n v a r i a n t  o r d e r i n g  is  de f ined  by f ix ing  s o m e  s e t  Pc" 

We s h a l l  fix the poin t  e t h roughou t  th is  a r t i c l e ,  and s h a l l  w r i t e  P i n s t e a d  of Pc .  

M o r e o v e r ,  P -  ~ {x E E ,- : x ~< e}. 

I f  the s e t  P is  nonconnec t ed ,  then  we  c a l l  the o r d e r i n g  nonconnec ted .  If the o r d e r i n g  is  connec t ed ,  then  
the s e t  P i s  connec ted .  We c a l l  a s p a c e  on w h i c h  t h e r e  is  de f ined  a noneonnec ted  o r  a c o n n e c t e d  o r d e r i n g ,  r e -  
s p e c t i v e l y ,  n o n c o n n e c t e d l y  o r  e o n n e c t e d l y  o r d e r e d .  

The p r o b l e m  wi th  wh ich  this  a r t i c l e  is  c o n n e c t e d  is  the s tudy  of  o n e - t o - o n e  m a p p i n g s  of E n onto i t s e l f  
w h i c h  p r e s e r v e  a nonconnec ted  i n v a r i a n t  o r d e r i n g  de f ined  in E n. By the p r e s e r v a t i o n  of  a n  o r d e r i n g ,  we m e a n  
the fo l lowing  p r o p e r t y  of the mapp ing  f : E n ~ En; fo r  any  poin t  x ~ E ~ , we have the equa t ion  f(Px) = Pf(x) ,  
w h e r e  P is  the o r d e r i n g  we a r e  c o n s i d e r i n g .  

Mapp ings  w i th  th is  p r o p e r t y  a r e  c a l l e d  P - i s o t o n i c  or  s i m p l e  i s o t o n i c  (if th is  is  u n d e r s t o o d  to be wi th  
r e s p e c t  to s o m e  o r d e r i n g ) .  

2. The nonconnec ted  o r d e r i n g  P w h i c h  we a r e  s tudy ing  s a t i s f i e s  the fo l lowing  c o n d i t i o n s :  

A) P = {e} U Q, where Q is a closed connected set with interior points, not containing the point e. 

B) P lies inside some convex cone with acute vertex e (an "acute vertex" means the cone does not contain 
a straight line). 

C) There exist n rays LI, L2, .... Ln, which do not lie in the same hyperplane, originating from the 
point  e ,  s u c h  tha t  for  any x ~ Q,  

w h e r e  t i s  a sh i f t  w i th  the p r o p e r t y  t(e) = x.  

The b a s i c  r e s u l t  of th is  a r t i c l e  i s :  

THEOREM A. Any i s o t o n i c  o n e - t o - o n e  m a p p i n g  of the E u c l i d e a n  s p a c e  E n (n -> 2) onto i t s e l f  is  an  aff ine 
t r a n s f o r m a t i o n ,  exc lud ing  the s p e c i a l  c a s e  when  the o r d e r i n g  is  de f ined  by a q u a s i c y l i n d e r  (see  Sec.  4). How- 
e v e r ,  in  th is  c a s e  we a l s o  g ive  a c o m p l e t e  d e s c r i p t i o n  of  the mapp ing .  

Of c o u r s e ,  we  a r e  a s s u m i n g  tha t  the o r d e r i n g  s a t i s f i e s  cond i t i ons  A),  B),  and C). I f  we c o n s i d e r  only 
con t inuous  i s o t o n i c  m a p p i n g s ,  then  we need not r e q u i r e  Q to be c l o s e d  o r  connec ted .  

O m s k  S ta te  U n i v e r s i t y ,  Omsk .  T r a n s l a t e d  f r o m  S i b i r s k i i  M a t e m a t i c h e s k i i  Z h u r n a l ,  Vol. 21,  No. 3, pp. 
80-88 ,  M a y - J u n e ,  1980. O r i g i n a l  a r t i c l e  s u b m i t t e d  June  21,  1978. 
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3. Everywhere in this article, isotonic mappings are assumed to be homeomorphisms of E n onto itself, 

since we have the following theorem of A. D. Aleksandrov: 

THEOREM A'. If the ordering satisfies conditions A) and B), then any isotonic one-to-one mapping of E n 

onto itself is a homeomorphism. 

This theorem has not been published in this form, but its proof essentially repeats the proof of Theorem 
4 in [1]. Instead of the bounded sets considered in [i], it is sufficient to consider all possible nonemp~- inter- 

vals P~ N P~- 

4. In terms of the theory of commutative topological groups, Theorem A is concerned with isomorphism 
of isotonic mappings (see [2]). Isotonic homeomorphisms of a connectedly ordered affine space (a commutative 
group) were studied by Aleksandrov [2]. An example of a eonnectedly ordered noncommutative Lie group, for 
which a theorem similar to Theorem A is true, is given in [3]. 

5. From the point of view of relativity theory, Theorem A means that the Lorentz group may be obtained 
as the corollary of a causality principle, which does not assume cause-and-effect reciprocity of events in the 
mierocos mos. 

These questions were first touched upon in [4-6]. 

i. Notation 

The basic terminology and notation were given in the introduction. 

Throughout this article, P denotes an ordering satisfying conditions A) and B). 

(1.1) We denote the points of the space Enby lower-case letters. IfA is a set, thenwe denote by A, A, 
and 8A, respectively, its interior, closure and boundary. 

Let M be a set in E n. Denote by M x the set obtained from M by using the shift t such tlmt t(e) = x. More- 
ove r ,  s e t  M = M e . 

If x, g~E ~, then  ix, y] denotes  the i n t e r v a l  of the s t r a i g h t  l ine  wi th  ends x and y,  and (x~ g) = ix, [/]\{.r, ~/}, 
Finally, Ix - yl is the Euclidean distance between x and y. 

Henceforward, l(x, y) and l+(x, y) denote, respectively, the straight line passing through x and y, and 
the ray starting from the point x and passing through y (x ;~ y). 

If x~E '~, and r > 0 is some number, thenwe denote by B(x, r) the open sphere with center x and radius r. 

(1.2) Since we are only interested in homeomorphisms, we may assume that Q = (Q), since this does not 
' o 

reflect on Theorem A. Clearly, if P is an ordering, then P' = {e} U (Q) is also an ordering. 

(1.3) We order the points on the ray l+(x, y), where x ~ y, in the following natural way; we say that v -> 
w, if v, w~l+(x, y) and Ix -v] -> [x-wl. 

(1.4) We note that we only need a metric for simplicity of notation, since instead of E n we may consider 
an affine space. 

2. Exterior Cone 

(2.1) Definition I. Set 

C =  U ~+(e,x), 
o 

where  Q is the connec ted  pa r t  of the o r d e r i n g  P. 

We ca l l  the cone C the e x t e r i o r  cone of the o r d e r i n g  P.  I ts  ve r t ex  is the point  e. 

(2.2) If x 0 is an  i n t e r i o r  point  of the se t  Q, then the re  ex i s t s  a r ay  I+(L,, g) ~ l+(e, :c0), ly ing  e n t i r e l y  ins ide  
(~. M o r e o v e r ,  for s o m e  e > 0 the cone 

U 2 + (v, w) 
~ : E B ( y , e )  

lies entirely inQ (0 < e < Iv-yl). 
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This  fo l lows  f r o m  c o n d i t i o n  A) and f r o m  the fac t  that  P is  an  o r d e r i n g ,  s i n c e  if  x0 ~ Q,  then  t h e r e  e x i s t s  

5 > 0 such  tha t  B(xo, 5) c (}. H o w e v e r ,  s i n c e  P~ c P, x ~ B(xo, 6), then  denot ing  by t the sh i f t  t ak ing  e to x0, we 

ob t a in  B(t(xo), 25) c Q .  S ince  p , ~ ) c p  for  ~ B ( x o ,  5), i t  then  fo l lows  tha t  B(t(t(xD)), 3 5 ) c Q  e tc .  T h e r e  e x i s t s  
a n a t u r a l  n u m b e r  m such  that  

B (t ( . . .  t (z0) . . . ) ,  (m --  t) 6) f) B ( t ( ._~t  (xo) . . . ) ,  ,z6) =/: ~ -  
m 77~ - -  I 

C l e a r l y  r e p e t i t i o n  of th is  p r o c e d u r e  w i l l  g ive  a s p h e r e  having  nonempty  i n t e r s e c t i o n  wi th  i ts  p r e d e c e s -  
s o r .  The r e q u i r e d  poin t  v is  equa l  to t ( . . .  t (%) . . . ) .  The r e m a i n i n g  p a r t  of the s t a t e m e n t  is obvious .  

m 

(2.3) LEMMA 1. P "~ 

P r o o f .  (a) If  x ~ O and x is the l i m i t  of the s e q u e n c e  {Xn}, w h e r e  z,~ ~ (~, then  the s e q u e n c e  of r a y s  [ l+(e, 
Xn)} c o n v e r g e s  to the  r a y  l+(e, x). C l e a r l y ,  :c~t+(e, 2) and Z+(e, ~g) c C ,  i . e . ,  z~-C. 

(b) L e t  x ~ 0, but  s u p p o s e  tha t  the s i t u a t i o n  d e s c r i b e d  in  p a r t  (a) does  not hold.  Suppose  that  z ~  C. S ince  

p ~ c p ,  t h e r e  e x i s t s  a s e q u e n c e  of  po in t s  {z,~}. a : , ~ o \ Q  ( m =  1, 2, . . . )  , s u c h  tha t  l X m - X m + ~ f  = lx  - el  and 
x l  = x. In f ac t ,  if  t i s  a sh i f t  taMng e to x ,  then  x~ = t ( . . .  t ( z ) . . . ) .  C l e a r l y ,  {z,,,} r C. S ince  the  s e t  C is c l o s e d ,  

t h e r e  e x i s t s  ~ > 0 s u c h  tha t  the cone  

K ~ =  0 V t(e,c~) 
v;_:B(x, ~) 

has no c o m m o n  poin ts  w i th  the cone  C, b e s i d e s  the poin t  e. Le t  c ~  s be a poin t  s u c h  tha t  ; ~ l + ( e ,  z)\[e~ z ) ~ O .  
Se t  p = I e - z[. T h e r e  e x i s t s  a n u m b e r  m o > 0 s u c h  tha t  2~ (z,~,a, 29) c_ K~. Thus  t (),) f) ]d (x,~,  2~) ~ ~ ,  w h e r e  t is  

a sh i f t  t ak ing  e in to  Xm0 , i . e . ,  t h e r e  e x i s t s  a point  y ~ t(L) s u c h  that  y ~ Q~,,,~ 0 1G. But K~ fl Q = ;~, and t h e r e f o r e  

K ~ ~f~ 0~% -- N ,  w h i c h  c o n t r a d i c t s  the s t a t e m e n t  we  have  j u s t  ob ta ined .  Thus ,  in  fae t  x ~ C .  

L e m m a  1 is p roved .  

(2.4) C l e a r i y ,  we  have the equa t ion  

U l + (e, :c) .- C. 
x ~ Q  

(2.5) LEMMA 2. The cone C is convex.  

P r o o f .  Suppose  tha t  the s t a t e m e n t  of the l e m m a  is  f a l s e .  T h e n  t h e r e  e x i s t  po in ts  x, y ~ 00 such  that  for  
any v ~  (x, y) we have  ~ C .  S ince  C = C ,  t h e r e  e x i s t s  a poin t  vow(x, y) and a n u m b e r  e > 0 such  that  B(vo, 

e) ~ C = ~.  Le t  p% q' ~ Q' be  po in t s  s u c h  tha t  for  po in t s  p, q ly ing ,  r e s p e c t i v e l y ,  on the r a y s  1+(% p,) and /+(e, 
q ' ) ,  we have 

[p, qJ N B(Vo, ~) ~ ~. (1) 

Wi thou t  l o s s  of  g e n e r a l i t y ,  we m a y  a s s u m e  tha t  p ~ p ' ,  q r q '  

l+(p, p') c l+(e, p'), l+(q, q') : l+(e, q') and l+(p, p')\[e, p) c Q, 

?.~L~Cq, q')\fe, q)~() .  (2) 

C o n s i d e r  the cone  Cp. The r a y  [l+(q, q ' ) ]p  is  p a r a l l e l  to the r a y  l+(q, q ' ) ,  and thus i n t e r s e c t s  w i th  the 
c o n e  

U ~+ (e, ~,). (3) 
.~ ~ ( v o , ~  ) 

If  we now s h i f t  the cone Cp a long  the r a y  l+(p, p ' ) ,  we e a s i l y  f ind a po in t  w~l+(p, p') such  that  the r a y  
o 

t(k) [ see  (2)], w h e r e  t is  a sh i f t  t ak ing  e to w,  i n t e r s e c t s  w i th  the cone (3). But tOd c Ow, and the cone (3) l i e s  

ou t s ide  the cone C. Thus t h e r e  e x i s t s  a poin t  ~ ~ tO,) such  that  ~ ~ C. But ~ ~ Q~, and s i n c e  P~ c p ,  then  ,~ ~ 0 .  
Hence  ~ ~ C. This  c o n t r a d i c t s  the above  f ac t s .  

L e m m a  2 is p roved .  

(2.6) By cond i t i on  B), the e x t e r i o r  cone C has  an acu te  v e r t e x .  S t r i c t l y  s p e a k i n g ,  we had the e x t e r i o r  
cone in  mind  in c o n d i t i o n  B). 
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(2.7) It  fo l lows  f r o m  cond i t i on  B) tha t  t h e r e  e x i s t s  a h y p e r p l a n e  H p a s s i n g  t h r o u g h  the po in t  e ,  for  -which 

we have  

H n Q = ; ~ ,  C n l I = { e i  

We s h a l l  keep  the no ta t ion  H fo r  s u c h  a h y p e r p l a n e  t h roughou t  this  a r t i c l e .  M o r e o v e r ,  l e t  H + be the 
o 

c l o s e d  s e m i s p a e e  g e n e r a t e d  by H con ta in ing  the s e t  P ,  and H - = E % / t  +. 

If  H x i n t e r s e c t s  w i t h  Q, then  the s e t  /& n 0 is  c o m p a c t .  

3 .  L i n e  O r d e r i n g  

(2.3) Def in i t i on  2. The o r d e r i n g  P is  c a l l e d  i n n e r - l i n e ,  i f  t h e r e  e x i s t s  a r a y  Z+(e, x0) ~ C U {e}. w h e r e  

xo~O~, s u c h  tha t  any s t r a i g h t  l ine  1 p a r a l l e l  to the r a y  l+(e, x 0) m u s t  i n t e r s e c t  w i th  the s e t  Q in a r a y ,  i . e . ,  if  

III l+(e,  xa), t hen  l n Q is  a r a y .  

De f in i t i on  3. The o r d e r i n g  P is c a l l e d  boundedly  l i ne ,  i f  i t  i s  not i n n e r - l i n e  and t h e r e  e x i s t s  a r a y  ~+(e, 
xo) ~ OC, w h e r e  x0 ~ OC, such  tha t  fo r  any s t r a i g h t  l ine  l p a r a l l e l  to the  r a y  l+(e, x0), the s e t  1 N Q is  e i t h e r  

e m p t y  o r  is  a r a y  ( i .e . ,  l a Q is e i t h e r  e m p t y  o r  is  a r a y ) .  

The o r d e r i n g  P is  c a l l e d  l ine  if  i t  is  e i t h e r  i n n e r - l i n e  o r  boundedly  l ine .  

In  th is  s e c t i o n ,  we  a s s u m e  tha t  the o r d e r i n g  P is  l ine .  

(3.2) L e t  
o 

ecOQ~ 

T h e n  we m a y  c o n s i d e r  the f a m i l y  {P~ : x ~ E"}, w h i c h  r e a l i z e s  s o m e  t r a n s f e r  to a co rmec ted  l ine  o r d e r i n g .  

LEMMA 3. If  the o r d e r i n g  P is  l ine ,*  then  p c  C-, w h e r e  C -  deno te s  the cone c e n t r a l l y  s y m m e t r i c  to 

the cone C wi th  r e s p e c t  to the poin t  e. 

P r o o f .  L e t  x ~ P .  F o u r  c a s e s  a r e  p o s s i b l e :  
a 

1) x ~ C ;  

2) x~OC\{e}; 

3) x r  

4) x ~ C - .  

The fou r th  c a s e  l e a d s  d i r e c t l y  to the s t a t e m e n t  of the l e m m a ,  so  we s h a l l  c o n s i d e r  the f i r s t  t h r e e  c a s e s .  
o 

Since  x ~ P,  then  fo r  any point  z such  that  e ~ ~0~, we have  x r Q,, i . e . ,  

eEOQ z 

1) T h e r e f o r e  x ~ C. L e t  z ~ l+(e, x) be the point  in  0Q m o s t  d i s t a n t  f r o m  e. Such a poin t  e x i s t s ,  s i n c e  

l+(e, x) c C U {e}. M o r e o v e r ,  th is  r a y  m u s t  p a s s  (see  De f in i t i on  1) t h rough  s o m e  poin t  y ~ Q. Thus ,  the r a y  

I+(z, v) c I+(e, x ) ,  w h e r e  z < v ~ I+(e, x) is  s u c h  tha t  l+(z, v)\{z} c: Q, L e t  t be a sh i f t  t ak ing  the point  z to e.  
o 

Then  Ot(Q) ~ e and x ~ t(Q). But th is  c o n t r a d i c t s  (5). 

2) L e t  x ~  OC\{e}. Take  a po in t  v ~ (~. Then  by (2.2), t h e r e  e x i s t s  a c i r c u l a r  cone K wi th  ax i s  L 0 and 

v e r t e x  w ~ l+(e, , )  , s uch  tha t  K ~ Q. C o n s i d e r  the s p h e r e s  B(z ,  r ( z ) ) ,  w h e r e  z ~ L0, i n s c r i b e d  in  K. Denote  by 

z 0 the point  such  that  r (z  0) > le  - x l .  

Se t  l(e, z) =l+(e, z) UL, L N l+(e, x) ={e}. Then  the r a y  Lz0 m u s t  i n t e r s e c t  w i t h  0Q. L e t  a E  L~oNO Q be a 

po in t  s u c h  that  t h e r e  a r e  no poin ts  of 0Q on [z0, a). C l e a r l y ,  I z 0 -  al -> r (z  0) > l e  - x l .  S ince  [z0, a)c= ~ ,  tben  
denot ing  by t the sh i f t  t ak ing  a to e ,  we o b t a i n  

o 

e~O~(Q), x ~ t ( Q ) .  

But th is  c o n t r a d i c t s  (5). 

*The l e m m a  is a l s o  t r ue  fo r  a nonl ine o r d e r i n g .  
#No Eq.  (4) a p p e a r s  An R u s s i a n  o r i g i n a l - -  P u b l i s h e r .  
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3) Let  x ~ C  0 C :  We use  the cone K in t roduced  in  2), and a l so  the r a y  L. The r a y  Lz0 m u s t  i n t e r s e c t  

w i t h  OQ, s ince  L~0~ H/~ [see (2.7)]. Le t  a ~ L2 ~ be the n e a r e s t  point  in  OQ to z 0. Then  (a, z0] ~ O and m o r e -  

ove r ,  (a, Zo] c: (), l a -  Zol >/r(zo) > [e - x l .  

If t is a sh i f t  s u c h  that  t(a) = e,  then  

o 
e ~ Ot(Q) and x ~ t (Q),  

and this  c o n t r a d i c t s  (5). 

L e m m a  3 is proved.  

(3.3) In  this  s e c t i o n w e  sha l l  prove  an  i m p o r t a n t  l e m m a ,  which  wi l l  be v e r y  useful .  

Let II be s o m e  unbounded s e t  con ta in ing  the point  e, ly ing  ins ide  the convex c losed  cone K with acute  
ve r t ex  e. 

LEMN_A 4. If f : E n ~ E n is a h o m e o m o r p h i s m  p r e s e r v i n g  the f ami ly  {1]~ : x ~ E ~}, i . e . ,  f(IIx) = IIf(x) for  
any point  x ~ E  '~, then the re  ex i s t s  a se t  [I' con ta in ing  the point  e and ly ing ins ide  the cone K, such  that IIT de-  
f ines  an  o r d e r i n g  in  E n, and m o r e o v e r  f(IIx) = T II~(x), w h e r e  x ~ E  '~ is an  a r b i t r a r y  point ,  i . e . ,  f is l I ' - i s o t o n i c .  

Proof .  Let  

11 (~ = II, I] (1) = U l~ . . . . . .  I] " r  U I](~ ~-1) . . . .  
x~II  x~Ii(n--1) 

H' = ~ n ('). 
n=O 

We show that  1I' is the r e q u i r e d  o rde r i ng .  Suppose not,  i . e . ,  II' does not def ine a n  o r de r i ng .  Then  there  ex i s t s  
a point  x E H "  such  that  [I~ is not  a s u b s e t  of the se t  I1'. T h e r e f o r e ,  the re  ex i s t s  a point  y ~  II~,which does not 
be long  to i l l  Hence  we see  that  for  any n = 0, 1, . . . ,  the point  ye~II (~), and at the s a m e  t ime  the re  ex is t s  m 0 

s u c h  that  g ~ II~ (m~ Since x E , I I ' ,  t he re  ex i s t s  m 1 for which  we have x ~ II ('~1). Thus  x ~ H (ml) ~ II (~1 +x). But 
it  is e a s i l y  s e e n  that  II (h) ~ II (~+1) (k = 0, 1 . . . .  ). T h e r e f o r e ,  

g ~ ii(~0) (ma~(~0 ~1)) 

~ ( m ~ ( ~ 0 , m l ) )  ~ II(ma~(~O'~l>+l) ,  

i . e . ,  y ~ H (max(m0'ml)+l). But this c o n t r a d i c t s  the fact  that  g ~ H (~) for any n = 0, 1, . . . .  

This  c o n t r a d i c t i o n  shows that  1I' def ines  a n  o r d e r i n g  on E n. Since we c o n s t r u c t e d  1I' f r o m  the fami ly  
{[Ix : x ~ E " }  , us ing  only s e t - t h e o r e t i c a l  o p e r a t i o n s ,  c l e a r l y  f p r e s e r v e s  the o r d e r i n g  l I ' .  

L e m m a  4 is proved.  

Thus us ing  L e m m a  4 we may go f r o m  a g iven  f ami ly  of se t s  to one which def ines  a n  o r d e r i n g  in  E n. 
M o r e o v e r ,  the p r o p e r t y  of i n v a r i a n c e  wi th  r e s p e c t  to a p a r t i c u l a r  h o m e o m o r p h i s m  is p r e s e r v e d  for  this fami ly .  

(3.4) Denote by ord  (II) the se t  If' in  L e m m a  4, ob ta ined  f r o m  the se t  11, s a t i s f y i n g  the condi t ions  of L e m -  
ma 4. 

If I1 def ines  an  o r d e r i n g ,  then c l e a r l y  ord (n) = H. If however  II does not def ine an  o r d e r i n g ,  then ord (1I) 
m u s t  def ine one. 

I t  is a l so  ea s i l y  s e e n  that  if II is  a l i n e a r l y  connec ted  se t ,  l ine  wi th  r e s p e c t  to the r ay  L, then ord (1I) is 
l ine  wi th  r e s p e c t  to the r ay  L and is l i n e a r l y  connec ted .  

(3.5) If P is a l ine  o r d e r i n g  wi th  r e s p e c t  to the r a y  L 0 = /+(e, x0) , then c o n s i d e r  the fol lowing ray :  

L7 = (l (e, Xo)\L0) U {e} 

LEMMA 5. Let  P be a l ine  o r d e r i n g  wi th  r e s p e c t  to the r a y  L 0. Then  the re  ex i s t s  a l i n e a r l y  connec ted  
o r d e r i n g  P '  which  is l ine  wi th  r e s p e c t  to Lo; Lo ~ P ' ;  and any  P - i s o t o n i c  h o m e o m o r p h i s m  is P ' - i s o t o n i c .  
M o r e o v e r ,  P '  ~ C-. 

Proof .  (a) The se t  P [see (3.2)] is l ine  wi th  r e s p e c t  to L o. 

In  fact ,  le t  x ~ P .  It  is su f f i c i en t  to show that  L~ :~  ~. Suppose not,  and le t  y ~ x ,  V ~ L~  but  y e l P .  T h e n  

t he r e  ex i s t s  z for  which  e ~ 80~ and y ~ Q~: Let  5 > 0 be a n u m b e r  such  that  B ( g ,  5) ~ Q~. Since P is  l ine  wi th  
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respectto L 0, then Lo,~Q~. Thus x~Q~. But z~P, i.e., there exists a point v~B(z, 5/2), but v~0z. Then 

v ~ L0,.,, where w ~ B(y, 5) is some point. Hence it follows that w ~ Q,, and therefore since the ordering P is 

line, v ~ Q,. Contradiction. 

(b) Lj ~ P. In fact, since e ~ P, we obtain the required result using the methods in (a). 

(c) Denote by S the part of the set P which is joined to e by some path lying in P. The set S is nonempty, 
by part (b), and from Lemma 3, satisfies the conditions of Lemma 4. Then ord (S) is a linearly com~ected 

ordering in E n which is line with respect to L 0 [see (3.45]. 

Clearly, P' = ord (S) is the required ordering. 

Lemma 5 is proved. 

(3.6) LEMMA 6. Let the ordering P satisfy conditions A), B), and C). Then there exists a convex cone K 
with acute vertex e and interior points, such that any P-isotonic homeomorphism f satisfies the equation 

](K~) = Kick), 

Proof. Let L I .... , L n be the rays in condition C). Clearly, the ordering P is line with respect to any 
of these rays. Set Li- = (l (e, xi) \Li) U {e}, where x~ ~ Li (xi ~- e) is an arbitrary point on L i. 

If P' is the ordering obtained from P in Lemma 5, then P' is line with respect to any ray L~. Moreover, 
LT~P' (i= I, . .., n) and P'~C-. Denote by K the contingency of the set pv at the point e. Clearly, LT~K 
(i = 1 ..... n). By Theorem la of [2], thecoatingencyKis a convex cone with an acute vertex. Therefore, K 

has interior points. Since P" ~ C-, p' satisfies the condition of ~Fneorem 1 of [2]. Thus K coincides with the 
union of all directed curves (see [2, p. 5]) starting from e. Hence it follows that any P-isotonic homeomor- 

phism f satisfies the equation f(Kx) = Kf(x). 

Lemma 6 is proved. 

4. Proof of Theorem A 

(4.15 Let E be some hyperplane, and I a vector (or a ray L) not parallel to E. 

Definition 4. The displacement dEl (or dEL) is a mapping satisfying the following conditions: 

I) dEl (or dEL) is a homeomorphism of E n onto itself; 

2) on each hyperplane parallel to E, dEl (respectively, eEL) is a shift; 

3) dEl (or dEL) takes intervals (rays) equal and parallel to I (respectively, L) into the same intervals 

(rays). 

Definition 5. The quasicylinder Q(E, I) is a set M satisfying the conditions: 

15 there exist hyperplanes E~, E2, . . ., parallel to E, where El+ ~ is obtained from E i by a shift to the 
v e c t o r  1, and m o r e o v e r ,  

M = U[:~L U (~I N E~)], (6) 

w h e r e  e a c h  M i is  a c y l i n d e r  f o r m e d  by open i n t e r v a l s  equa l  to I (as v e c t o r s )  w i th  ends  a t  Ei and El+l ;  

2) M does  not  a d m i t  a r e p r e s e n t a t i o n  (6) w i th  the s a m e  h y p e r p l a n e  E and a v e c t o r  I '  p a r a l l e l  to I but  
g r e a t e r  than  I, 

The de f in i t i on  of the q u a s i e y i i n d e r  Q(E,  L) ,  w h e r e  L i s  a r a y ,  is  obv ious .  We have  t a k e n  t h e s e  de f in i t i ons  
f r o m  [2]. 

(4.2) THEOREM A. L e t  P be a n  o r d e r i n g  in  En  s a t i s f y i n g  cond i t ions  A) ,  B), and C). Then  any P - i s o t o n i c  
h o m e o m o r p h i s m  f :  E n - -  E n is  e i t h e r  a n  a f f ine  t r a n s f o r m a t i o n ,  o r  P is  a q u a s i c y I i n d e r  and f is  of the f o r m  

I = I0 o d~ o . . . o  d~, (7) 

w h e r e  f0 is  an  af f ine  t r a n s f o r m a t i o n ,  and d i is  d E i l i  o r  d E i L i .  M o r e o v e r ,  i t  does  not  m a t t e r  in  w h i c h  o r d e r  the 
d i appear. 

Proof. Let P be an ordering satisfying condition~ AS, B), and C). By Learns G, any P-isotonic homeo- 
morphism f preserves the family of sets {K~ : x~E"}, where If is some closed convex cone with an acute vertex. 
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M o r e o v e r ,  K 4  = ~ .  C lea r ly ,  K defines a connec ted  o r d e r i n g  in E n. Then f r o m  T h e o r e m s  3 and 4 of A l e k s a n d r o v  
in  [2], the h o m e o m o r p h i s m  f is e i t he r  an affine t r a n s f o r m a t i o n ,  o r  may  be w r i t t e n  in the f o r m  

/ = /0o  D~ . . . . .  o D~ (S) 

w h e r e  f0 is an  affine t r a n s f o r m a t i o n ,  and D i is dEi i i  o r  dEiLi .  M o r e o v e r ,  it does not m a t t e r  in what  o r d e r  the 

d i s p l a c e m e n t s  Di appear .  I t  r e m a i n s  to show that  in the c a s e  when  f is of the f o r m  (8), P is a quas i cy l inde r  
and f is defined by fo rm u la  (7).* Howeve r ,  this s i tua t ion  was  c o n s i d e r e d  in Sect ions 6 .3-6 .8  of [2] in suf f ic ient  
detai l .  M o r e o v e r ,  we do not need the a s s u m p t i o n  on the connect iv i ty  of the o r d e r i n g  in A l e k s a n d r o v ' s  a r g u -  
ments .  T h e r e f o r e ,  we see  that  (8) impl ies  that  P is a quas i c y l i nde r . *  

The t h e o r e m  is proved.  

I a m  deeply indebted to A. D. A l e k s a n d r o v ,  who s e t  the p r o b l e m  and g r ea t l y  fu r the r ed  my s tudies .  
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A C A T E G O R Y  O F  P A R T I A L  R E C U R S I V E  F U N C T I O N S  

A .  N. D e g t e v  UDC 517.11:518.5 

Introduction. In [I, 2], the author studied the concept of F-reducibility of one partial recursive function 
(p. r. f.) to another. We recall Lhat f0 F-reduces to fl (f0 ~< ft) if there exists a general recursive function (g. r. 
f.) g such that f0 = fig (i.e., for every x either neither side of the equality is defined, or both sides are defined 
and equal). It was noted that this notion is closely related to m-reducibility of computable sequences of pair- 
wise-disjoint recursively enumerable (r. e.) sets. At the same time, every p. r. f. f can be viewed as a numer- 
ation of the c o r r e s p o n d i n g  se t  NU {co}, N =  {0, i ,  . . .}, w h e r e  it is unde r s tood  that if f(x) is undefined then in fact  
f(x) takes  some  spec i a l  value co, co a N .  In n u m e r a t i o n  theo ry  [3], the c a t e g o r y  of n u m e r a t e d  se t s  has been 
s tudied  in detai l .  In this paper  the c a t e g o r y  J f  of  p. r .  f . ' s  compa t ib le  wi th  F - r e d u c i b i l i t y  is a l so  cons ide red .  

We denote by rng  f and d o m f  the range  and doma in  of def ini t ion of f (in the usual  sense) .  Let  R n g f  be 
r n g f i f d o m f =  N a n d  r n g / U { c o / i f d o m f  ~ N. If  A ~ N ,  then ~ N \ A ,  / - i ( A ) ~ { x : / ( x ) ~ A } ,  ] (A)={ / (x ) :x~A} .  
If  d o m f  0 ~ N then ~ ~ fing/0, and 

f-l(Rng/0) = {x :/(x) ~ rng ]0 V/(x) = o}. 

If  A -=N, t h e n w e  wr i t e  ]AI for  the ca rd ina l i t y  of  A and / aA  fo r  the funct ion f0 such  that  f0(x) = f(x) if z E A  and 
f0Cx) is undefined o the rwise .  

T h e  objects  of the c a t e g o r y  2~ a r e  all the p. r .  f.Ts. If  f0 and fl a re  two ob jec t s ,  then the na tura l  inc lus ion  
p : Rng f0 ~ Rng fl is ca l led  a m o r p h i s m  f r o m  f0 to ft if the re  ex is t s  a g. r .  f. g such  that  f0 = fig. We note that 
t he re  can  only ex is t  one na tura l  m o r p h i s m  f r o m  f0 into fl, and in o r d e r  for  one to ex i s t  it is n e c e s s a r y  that  
Rng ]0 ~ Rng/1. More  p r e c i s e l y ,  the ex i s tence  of a m o r p h i s m  f r o m  f0 to fl is equivalent  to F - r e d u c i b i l i t y  of f0 
to f~. 
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