NEW SOLUTION OF THE EINSTEIN—DIRAC EQUATIONS

A. K. Guts UDC 530.12:531.51

A new solution of the Einstein-—Dirac equations is found, describing the dynamics
of a self-gravitating neutrino field. The gravitational field is wavelike.

Within the framework of the theory of general relativity, the dynamics of self-gravitat-
ing spinor material are described by the Einstein—Dirac system of equations ([1l], p. 142):
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where Y is a bispinor,
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is the energy —momentum tensor of the spinor field (the superscript * on { denotes the Her-
mitian conjugate value) (2], p. 38l1).

Further
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where A%i) is the i-th tetrad vector and y(i) is the Dirac matrix.

The indices denoted by Latin letters take on values 0, 1, 2, 3, while the Greek letter
indices take on values 1, 2, 3.

Study of solutions of the Einstein —Dirac equations will in time provide answers to the
following questions: 1) whether a broader concept of the structure of matter, using the
concept of internal degrees of freedom (spin) of the medium, will change the problem of singu-
larities ([1], p. 133); 2) whether geometrization of neutrine fields along the lines of
Wheeler's and Rainich's neutrino is possible.

Thus the derivation of particular solutions of the Einstein —Dirac equations takes on
additional importance. As is well known, the solution of Egqs. (1), (2) is an extremely com-
plex problem, strongly dependent on successful choice of the metric gik. It should be under-
stood that the metric gijk defines the geometry of space —time and cannot be selected arbi-
trarily; it is necessary that gik correspond to a definite physical problem, i.e., that it
admit a physical interpretation [1, 3, 4, 5].

1. GRAVITATIONAL RADIATION OF A NEUTRINO FLUX

We will consider only neutrino fields, i.e., in Eq. (2) we take m = 0. We assume that
the neutrino field is planar and propagates in the positive x direction, creating a wavelike
gravitational field., Since in this case the metrie gj must describe a field of planar gravi-
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tational waves, also propagating along the x-axis, the metric can conveniently be taken in
the form ((6], p. 292):

ds? = 2dx°dx' — exp [2P (x°)] dx** — exp [2Q (x°)] dx**, (5)

where the coordinates xq; x*, x*, x® are related to the coordinates x, y, z, and t by the
relationships
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We choose the following tetrad:
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and vy, the Dirac matrix
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We assume that y depends solely on x° and

-
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Performing calculations with Egs. (3), (4), we find (primes-denote differentiation with re-
spect to x%):
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The system of Einstein-—Dirac equations (1), (2) takes on the form
CRe=P A+ Q@ (PP @) = — 7,
ra=o N

Tag = O,
Qg+ 1y — (P + Q') (1, -+ ;) = 0,
Quy 41y — (P 4+ Q') (uy + 1) = 0.

In the general case syétem (7) has no solution. However, with an additional assumption
as to the form of the wave function y, system (7) reduces to one unique equation. We assume
that the bispinor y satisfies the conditions

uy+u;=0; u+u,=0uuy=A+iB;, u, =C+HiD. (8)

From this it is evident that the components Toq, Ty g0 to zero, and thus Eq. (7) reduces
to a single nonlinear differential equation:
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If we know the wave function Y then the gravitational field gy) corresponding tc the neu-
trino flux can be found by integration of the ordinary differential equation (9).

The functions P and Q determine two different states of polarization of the gravitational
wave, so that by specifying Q, we find P from Eq. (9), i.e., we define a gravitational wave
with completely specified polarization. In fact, assume that Q is known. We take P = ln vy
(x0). Then Eq. (9) reduces to an ordinary second order linear differential equatiom:

Yy’ = F(x%) - y, (10)
where
F(x%) =x[(AB'— A'B) + (CD' — C'D)] — (Q')* — Q".

As is known from the theory of differential equations ({7], pp. 75-76), the Cauchy prob-
lem for Eq. (10) is uniquely soluble (it is true that solution in quadratures is possible only
in special cases) for any continuous function P = In v (xo). Thus we obtain an entire class
of solutions of the Einstein—Dirac equations (1), (2).

Metric (5) may always be interpreted as the gravitational radiation of a neutrino flux
propagating along the x-axis. In fact, if gj; does not correspond to an empty three-space,
then P" + Q" + (P') + (Q')? £ 0. This means that specifying the functions P and Q, from Eq.
(9) we can find the corresponding wave function y.

As is well known, the neutrino has a well defined longitudinal polarization (the neutrine
has a spirality of -1, the antineutrino, + 1l). Mathematically, this is expressed by the fact
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that the wave function ¢ of admissable states must satisfy the condition ([2], p. 394):
(I—iv)y=0,
where
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Since Eq. (1l1) is equivalent to the equalities

u0+u2=0, ul+u3=0) (12)

the wave functions considered above, Eq. (8), are admissable, the same condition (8) fixes
the sign of the energy,i.e., defines particle or antiparticle.

From Eqs. (8), (12) it follows that A= C, B = D, i.e., Eq. (9) takes on the form:

P Q' (P (Q'): = x(AB’ — A'B). (13)

2. SOLUTIONS OF SPECTAL FORM

Equations (13), (10) are closely related to the Riccati equation, the general solution
of which cannot be expressed in quadratures. Consequently, in oxder to indicate the class of
the solutions of Eq. (13), it is necessary to specify beforehand the function Q (i.e., fix the
polarization of the gravitational wave) and the wave function Y or the functions A and B, Ve
will then obtain concrete differential equations, information on which is given in [8]. Ne-
vertheless, one can show a whole class of different solutions of Eq. (13). We will now note
some of these.

1. We assume that we are dealing with a single particle (antiparticle), located in a
state with specified momentum. Then, as follows from Egs. (8), (12), the particle's wave
function is uniquely defined and has the form

LI 1 Yo (14)

We take Q = P and P = In y (x°). Then, substituting Eq. (14) in Eq. (13), we obtain y" =y,
i.e.,

y' =y, 1. e. P(x% =Q({x% =1In(C,e*+ Cre*).
2. We assume that the wave function y(x°) is known. Further, we take P" = —-Q" or
Q (x°) = — P(x% +¢,x° + ¢y, (15)
Then Eq. (13) takes on the form
(PY+(—P +¢;)) =x(AB — A’B). (16)

From Eq. (16) we obtain the solution:

P(x%) = fé—x" -+ —;—g Vax(AB— A’B) — ¢} dx*+ ¢, 7)

The gravitational wave of Egs. (15), (17) is a sufficient solution of the problem posed,
since for an arbitrary wave function ¢ we have found the accompanying gravitational field.

3, Now let the functions A and B be such that AB = AB. This means that the energy-
momentum tensor of the neutrino field is identically equal to zero. However, the neutrino

flux density is not zero:
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J® = (@ (4 + B), —4(A2+ BY), 0, 0},

where

j = 1P 4 1y,

In such cases one speaks of a neutrino scent [3, 4]. The gravitational field may then be of
the N Petrov type (for example, a space of maximal mobility Ta). In contrast, in [3] a field
with plane symmetry and a nuetrino scent belonged to the D type, i.e., had no wave structure.
Neutrino scents are also possible in a plane space-time. It follows from this that in our
treatment the functions Pand Q may be constant.
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